Experiments With Scale-Space Vision Systems

Alison Bosson

A thesis submitted for the Degree of Doctor of Philosophy in the School of Information Systems, University of East Anglia, Norwich

January 21, 2000

cflThis copy of the thesis has been supplied on condition that anyone who consults it is understood to

recognise that its copyright rests with the author and that no quotation from the thesis, nor any information derived therefrom, may be published without the author’s prior written consent.

Abstract

This thesis studies the implementation and filter performance of four different approaches to scale-space analysis. These approaches are the linear diffusion system, the anisotropic diffusion system and two mathematical morphology based filters; one based on erosions and dilations with fixed-shape paraboloids and the other on openings and closings over flexible connected-sets, also called sieve-operators.

Investigations into the performances of these systems for different conditions of input signal are carried out in both one and two dimensions. Parametric estimation problems are then used to study system reliability under a range of different noise conditions, the task of the systems being to estimate the scale and position of simple target features from synthetic images. The effect of image occlusion is also studied using both synthetic and real image occlusion models.

This thesis finds that the anisotropic diffusion based and morphological, erosiondilation paraboloid-based approaches to scale-space analysis are impractical for the estimation of scale and position of image features. The linear diffusion system can produce these estimates, but, there are many problems associated with obtaining these results. The sieve-based scale-space is found to provide a scale-based image decomposition that is as robust to common levels of Gaussian noise as the linear diffusion filter and that is extremely robust in the presence of impulsive noise and occlusion.

Contents

List of figures viii

List of tables ix

Publications x

Acknowledgements xi

1 Introduction 1 1.1 Structure of this thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Statement of originality . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Multi-Scale Systems 4 2.1 What is scale? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Examples of multi-scale analysis . . . . . . . . . . . . . . . . . . . . . 6 2.2.1 Quad-trees . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2.2 Pyramids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.2.3 Scale-space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.3 Essential properties of a scale-space representation . . . . . . . . . . . 17 2.3.1 Causality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2.3.2 Homogeneity and isotropy . . . . . . . . . . . . . . . . . . . . 19 2.3.3 Immediate localisation . . . . . . . . . . . . . . . . . . . . . . 19 2.3.4 Piecewise smoothing . . . . . . . . . . . . . . . . . . . . . . . 20 2.3.5 Scale-selection . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3 Some Practical Scale-Spaces 21 3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 3.2 Linear diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.2.1 Moving from one to two dimensions . . . . . . . . . . . . . . . 26 3.2.2 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . 29 3.2.3 Properties of linear diffusion . . . . . . . . . . . . . . . . . . . 29

3.2.4 Example linear diffusion scale-spaces . . . . . . . . . . . . . . 31 3.3 Anisotropic diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.3.1 Robust statistics . . . . . . . . . . . . . . . . . . . . . . . . . 35 3.3.2 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . 41 3.3.3 Properties of anisotropic diffusion filtering . . . . . . . . . . . 41 3.3.4 Examples of non-linear diffusion scale-spaces . . . . . . . . . . 42 3.3.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49 3.4 Morphology based scale-spaces . . . . . . . . . . . . . . . . . . . . . 51 3.4.1 Basic morphological operations . . . . . . . . . . . . . . . . . 53 Erosion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 Dilation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 Opening . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 Closing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 Alternating sequential filters . . . . . . . . . . . . . . . . . . . 57 Rank filters . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 3.4.2 Morphological filter properties . . . . . . . . . . . . . . . . . . 59 3.5 Morphology using poweroids . . . . . . . . . . . . . . . . . . . . . . . 61 3.5.1 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . 66 3.5.2 Properties of the paraboloid scale-space . . . . . . . . . . . . . 66 3.5.3 Example paraboloid scale-spaces . . . . . . . . . . . . . . . . 67 3.6 The sieve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 3.6.1 Sieve properties . . . . . . . . . . . . . . . . . . . . . . . . . . 80 3.6.2 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . 83 3.6.3 Example sieve scale-spaces . . . . . . . . . . . . . . . . . . . 83 3.7 Scale-selection and scale calibration . . . . . . . . . . . . . . . . . . . 87 3.7.1 Linear diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . 88 3.7.2 Anisotropic diffusion . . . . . . . . . . . . . . . . . . . . . . . 93 3.7.3 Morphological scale-space from poweroids . . . . . . . . . . . 94 3.7.4 The sieve . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 3.8 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

4 One-Dimensional Robustness Experiments 101 4.1 One-dimensional synthetic test signals . . . . . . . . . . . . . . . . . . 102 4.2 Scale and space estimation in one dimension . . . . . . . . . . . . . . . 108 4.3 Different noise parameters . . . . . . . . . . . . . . . . . . . . . . . . 111 4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5 Two-Dimensional Robustness Experiments 115 5.1 Two-dimensional noise experiments . . . . . . . . . . . . . . . . . . . 115 5.1.1 Two-dimensional synthetic test signals . . . . . . . . . . . . . . 116 5.1.2 Target-shape dependency for scale-space estimation . . . . . . 121

5.1.3 Different noise parameters . . . . . . . . . . . . . . . . . . . . 122 Varying the target intensity . . . . . . . . . . . . . . . . . . . . 126 5.1.4 Anti-aliasing the discs . . . . . . . . . . . . . . . . . . . . . . 130 5.1.5 Are noise tests relevant? . . . . . . . . . . . . . . . . . . . . . 132 5.2 Robustness to image occlusions . . . . . . . . . . . . . . . . . . . . . 135 5.2.1 Synthetic occlusion image model . . . . . . . . . . . . . . . . 135 5.2.2 Anti-aliased synthetic occlusion image model . . . . . . . . . . 143 5.2.3 Real occlusion image model . . . . . . . . . . . . . . . . . . . 149 5.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

6 Discussion 156

A Search Algorithm 163

B Level of Gaussian noise in images 165

C The Gupta-Sproull Anti-aliasing Algorithm 166

List of Figures

2.1 Example quad-tree decomposition of an image. . . . . . . . . . . . . . 7 2.2 Structure of a pyramid representation. . . . . . . . . . . . . . . . . . . 8 2.3 Example Gaussian pyramid decomposition of an image. . . . . . . . . . 9 2.4 Structure of a scale-space representation . . . . . . . . . . . . . . . . . 11 2.5 Example one-dimensional scale-space representation . . . . . . . . . . 12 2.6 Detection of intensity changes . . . . . . . . . . . . . . . . . . . . . . 13 2.7 Zero-crossings plot for an example one-dimensional signal. . . . . . . . 18

3.1 Example images from the scale-spaces of four different processors. . . . 22 3.2 Scale-space structure from a sampled Gaussian kernel . . . . . . . . . 25 3.3 Some example one-dimensional diffusion kernels. . . . . . . . . . . . . 26 3.4 Synthetic example of one-dimensional diffusion filtering. . . . . . . . . 27 3.5 Example two-dimensional linear diffusion kernels for increasing scales. 28 3.6 New local extrema may be created by the diffusion filter in the twodimensional case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.7 One-dimensional scan-line simplified via linear diffusion for increasing scales. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 3.8 Images simplified via linear diffusion for increasing scales. . . . . . . . 33 3.9 Derivative of the Lorentzian diffusion function, ρ^′_{Lor} (x, σ) for increasing gradients. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 3.10 Plot of the normalised Perona-Malik edge-based diffusion function. . . 39 3.11 Plot of the normalised Tukey-biweight derivative function, ρ^′_{T uk} (x, σ). . 40 3.12 Scan line (top panel) simplified via Lorentzian-based anisotropic diffusion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 3.13 Scan line (top panel) simplified via Perona and Malik edge-based anisotropic diffusion. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 3.14 Scan line simplified via Tukey-based anisotropic diffusion. . . . . . . . 45 3.15 Images simplified via anisotropic diffusion using the diffusion function given in (3.17) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 3.16 Images simplified via anisotropic diffusion using the diffusion function given in (3.24). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3.17 Images simplified via anisotropic diffusion (3.28) with the Tukey-biweight diffusion function of (3.26). . . . . . . . . . . . . . . . . . . . . . . . . 48 3.18 Example of a one-dimensional morphological erosion. . . . . . . . . . 54 3.19 Example of a one-dimensional morphological dilation. . . . . . . . . . 55 3.20 Example of a one-dimensional morphological opening. . . . . . . . . . 56 3.21 Example of a one-dimensional morphological closing. . . . . . . . . . 57 3.22 Example of morphological one-dimensional M− and N −filtering. . . 58 3.23 Example of one-dimensional morphological median filtering. . . . . . . 60 3.24 Point of origin of a morphological structuring element. . . . . . . . . . 61 3.25 Example of one-dimensional erosion and dilation with general poweroid functions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 3.26 Examples of parabolic structuring elements (3.37) with different values of α. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63 3.27 Example paraboloid structuring elements of different scales. . . . . . . 64 3.28 Example two-dimensional erosion and dilation filtering. . . . . . . . . . 65 3.29 One-dimensional scan line filtered via erosion with a paraboloid structuring function. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 3.30 One-dimensional scan line filtered via dilation with a paraboloid structuring function. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 3.31 Example images simplified via erosion with a parabolic structuring element. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 3.32 Example images simplified via dilation with a parabolic structuring element. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 3.33 Graph representation in one dimension. . . . . . . . . . . . . . . . . . 74 3.34 Graph representation in two dimensions . . . . . . . . . . . . . . . . . 74 3.35 Example sieve-based opening and closing operations over a graph. . . . 77 3.36 Simple one-dimensional example showing the differences between the sieve operators. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78 3.37 Structure of a sieve decomposition. Q denotes a sieve operator; either ψ (opening),γ (closing),M, N or ρ . . . . . . . . . . . . . . . . . . . . 79 3.38 Plot showing the low-pass M-sieve decomposition of an image and the corresponding granule surfaces. . . . . . . . . . . . . . . . . . . . . . 81 3.39 Figure showing the sieve obeying the causality constraint of scale-space theory. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 3.40 One-dimensional scan line simplified via sieving. . . . . . . . . . . . . 84 3.41 Granule functions of a one-dimensional sieve decomposition. . . . . . . 85 3.42 Example images from the sieve-based scale-space. . . . . . . . . . . . 86 3.43 Problems of scale-labelling from the low-pass diffusion filtered signal. . 88 3.44 Scale-selection for the linear diffusion filter. . . . . . . . . . . . . . . . 90 3.45 Scale-selection for the linear diffusion filter. . . . . . . . . . . . . . . . 91 3.46 Differences in Scale-selection surface curvature. . . . . . . . . . . . . . 92

3.47 Relationship between estimated scale of simple pulse signals and true scale (pulse width) for linear diffusion . . . . . . . . . . . . . . . . . . 92 3.48 The crown of thorns effect . . . . . . . . . . . . . . . . . . . . . . . . 93 3.49 Sieve-filtering a blurred disc to show the resulting scale-selection surface. 96 3.50 Example scale selection images for the linear diffusion system. . . . . . 99 3.51 Example scale-selection images for the sieve. . . . . . . . . . . . . . . 100

4.1 Example one-dimensional target pulses corrupted with additive Gaussian noise and replacement impulsive noise. . . . . . . . . . . . . . . . 103 4.2 Diffusion filtered one-dimensional target pulse with added Gaussian noise; lowpass filter output and scale-selection surface. . . . . . . . . . 104 4.3 Sieve filtered one-dimensional target pulse with added Gaussian noise;

lowpass filter output and scale-selection surface. . . . . . . . . . . . . . 105 4.4 Diffusion filtered one-dimensional target pulses with replacement impulsive noise; lowpass filter output and scale-selection surface. . . . . . 106 4.5 Sieve filtered one-dimensional target pulses with replacement impulsive noise; lowpass filter output and scale-selection surface. . . . . . . . . . 107 4.6 Histograms of position estimates for 1000 target signals with added Gaussian noise. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 4.7 Effect of varying the standard deviation of the Gaussian noise. . . . . . 112 4.8 Effect of varying the noise density of the impulsive noise. . . . . . . . . 113

5.1 Example two-dimensional noise-corrupted target images. . . . . . . . . 116 5.2 Scale-space estimates of disc for 150 synthetic images with added Gaussian noise. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118 5.3 Scale-space estimates of disc for 150 synthetic images with replacement impulsive noise. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 5.4 Shape dependency for the linear diffusion system. . . . . . . . . . . . . 122 5.5 Effect of varying the standard deviation of the additive Gaussian noise. . 123 5.6 Effect of varying the noise density of the replacement impulsive noise. . 124 5.7 Effect of varying the intensity of the target disc in the Gaussian noise. . 128 5.8 Effect of varying the intensity of the target disc in the impulsive noise. . 129 5.9 Original disc and four anti-aliased discs. . . . . . . . . . . . . . . . . . 131 5.10 Examples of the occlusion model for synthetic images. . . . . . . . . . 136 5.11 The paths of the scale-space estimates over all scales for a synthetic occlusion image. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 5.12 Diffusion system’s scale-space estimates for synthetic occluded images. 139 5.13 Sieve system’s scale-space estimates for synthetic occluded images. . . 140 5.14 Mean and standard deviation of the errors in the position estimates of the diffusion and sieve-based systems over the 100 synthetic images. . . 142 5.15 Example of the synthetic, anti-aliased occlusion images with added noise.143

5.16 The paths of the scale-space estimates over all scales for an anti-aliased synthetic occlusion image. . . . . . . . . . . . . . . . . . . . . . . . . 144 5.17 Diffusion systems scale-space estimates for anti-aliased, noise corrupted synthetic occluded images. . . . . . . . . . . . . . . . . . . . . . . . . 146 5.18 Sieve-based systems scale-space estimates for anti-aliased, noise corrupted synthetic occluded images. . . . . . . . . . . . . . . . . . . . . 147 5.19 Mean and standard deviation of the errors in the diffusion and sievebased systems position estimates over the 100 anti-aliased synthetic images. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 5.20 Example of the occlusion model for real images. . . . . . . . . . . . . . 149 5.21 The paths of the scale-space estimates over all scales for the diffusion and sieve-based systems over a real image. . . . . . . . . . . . . . . . . 151 5.22 Showing the movement of extrema points for increased Diffusion blurring.152 5.23 Scale-space estimates of the diffusion filter for real occluded images. . . 153 5.24 Scale-space estimates of the sieve filter for real occluded images. . . . . 154

A.1 Search algorithm for finding maxima over scale selection surface . . . . 163

C.1 Gupta-Sproull anti-aliasing method. . . . . . . . . . . . . . . . . . . . 167

List of Tables

2.1 Overview of the properties of several approaches to continuous Gaussian scale-space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4.1 One-dimensional experiment results: Standard deviations of position, x, and scale, s, estimates for all systems. . . . . . . . . . . . . . . . . . 110

5.1 Two-dimensional experiment results: Standard deviations of 150 estimates of the position (x, y) and scale, s of a disc in Gaussian and impulsive noise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 5.2 Error in the standard deviation of position and scale estimates for multiple trials with noise corrupted images. . . . . . . . . . . . . . . . . . 125 5.3 Different amplitude target discs: Standard deviations of estimates in Gaussian noise and impulsive noise. . . . . . . . . . . . . . . . . . . . 126 5.4 Error in the standard deviation of position and scale estimates for multiple trials with noise corrupted and varying target amplitude images. . . 127 5.5 Results for anti-aliased discs: Standard deviations of system estimates for anti-aliased discs corrupted with Gaussian and impulsive noise. . . . 132 5.6 Example satellite, sonar, MRI, ultrasound and HST images. . . . . . . . 133

Publications

These are the publications which have been produced by, or in conjunction with, the author, during her Ph.D candidacy.

1. Alison Bosson and Richard Harvey, Using occlusion models to evaluate scalespace processors. In Proceedings of the IEEE International Conference on Image Processing, October 1998.

2. Richard Harvey, Alison Bosson, and J. Andrew Bangham, One dimensional scalespace preserving filters. In Signal Processing IX: Theories and Applications, Volume II, pages 821-824, Rhodes, 1998.

3. Richard Harvey, Alison Bosson and J. Andrew Bangham, The robustness of some scale-spaces. In Proceedings of the British Machine Vision Conference, Volume 1, pages 11-20, 1997.

4. Richard Harvey, J. Andrew Bangham and Alison Bosson. Scale-space filters and their robustness. In Scale-Space Theory in Computer Vision, Lecture Notes in Computer Science, 1252, Springer, pages 341-344, 1997.

5. Alison Bosson, Richard W. Harvey and J. Andrew Bangham, Scale-space pattern processors: are they robust to noise and occlusion? In Proceedings of the IEE Colloquium on Pattern Recognition, Ref number 1997/018, pages 8/1-8/6, Savoy Place, London, March 1997.

6. Richard W. Harvey, Alison Bosson and J. Andrew Bangham, A comparison of linear and non-linear scale-space filters in noise. In Signal Processing VIII: Theories and Applications, Volume III, pages 1777-1780, Trieste, September 1996.

Acknowledgements

I would like to thank my supervisor Dr. Richard Harvey for his support and encouragement during this period of study. I would also like to thank Prof. Andrew Bangham for his ideas and comments.

I am also grateful to the faculty, support staff and especially to the postgraduate students, past and present, of the Image and Signal Processing Labs in the School of Information Systems.

This work was funded by the the Engineering and Physical Sciences Research Council.

Chapter 1

Introduction

Scale-space systems are an increasingly popular means of representing images and use filters that decompose an image with respect to some scale parameter. The structure of the decomposition is such that, as scale increases, the details in the input image are removed or suppressed. A low-level scale-based analysis such as this can be useful to higher-level systems since the large or coarse-scale representations retain what Koenderink calls the deep-structure of the image, that is the basic underlying image structure, and this is separate from the often confusing small-scale detail.

These scale-based systems are being prototyped for several practical applications, including

• Feature detection [11, 12], for example fingerprint analysis [105], audio-visual speech recognition [80] and stereo vision [74, 84, 88].

• Edge [31, 91] and corner [105] detection.

• Three-dimensional object recognition [57].

These examples indicate a variety of different approaches to scale-space analysis. Early representations were described in terms of Gaussian convolution filtering and linear diffusion [51, 63, 118] however, alternative non-linear approaches have arisen in the form of non-linear diffusion [23, 91] and mathematical morphology based techniques [57, 111]. Indeed, one of the interests of this thesis is in the evaluation of a new scale-space processor called a sieve [14, 15]. Since a useful method of analysis in the evaluation of any system involves comparisons with other systems, an integral part of this thesis therefore looks at the implementation of some of the more popular scalespace systems. These different approaches are rarely discussed together or compared under similar conditions. The real images that are used to compare the systems (Chapter 3) are helpful as they allow us to make subjective comparisons on the performances of these filters and foresee possible problems in the analysis of these images. However, if the behaviour of filters is to be fully understood and explored then real images are too complicated. For this reason, synthetic images with fully controllable signal parameters are often used.

The experimental work of this thesis concentrates on using increasingly complicated synthetic images to evaluate the performances of these different scale-space filters to different conditions of signal and noise. We describe the use of simple one- and twodimensional synthetic signals that are corrupted with different distributions of noise. The deterioration in system performance is then studied for increasing levels of noise. Occlusion experiments are also described since image occlusion is considered here to be a special case of noise corruption. Both synthetic and real occlusion test images are created and are used to further study system performance.

1.1 Structure of this thesis

In Chapter 2 the concept of a scale-based analysis of signals and images is introduced. This includes examples of multi-resolution and multi-scale methods and a description of scale-space theory. Finally, the general axioms or properties that are required from a scale-space system are discussed.

Chapter 3 gives a description of four different scale-space systems showing their implementation and example filtered images. These systems include the linear diffusion filter of [71], the non-linear diffusion filters of [23, 91] and the mathematical morphology-based systems of [60, 111], using fixed-shape poweroid structuring elements and lastly the sieve, [14, 17] which uses a connected-set based area decomposition.

One of the recommended properties of any practical scale-space system, mentioned in Chapter 2, is access to a scale-selection surface. This provides a means of labelling features within a signal as being of a particular scale, and if possible, calibrating this scale in some way to the true pixel-dimensions of the feature. The final section of

Chapter 3 looks at the methods used to obtain this scale-selection surface - if one is available.

In Chapter 4 a series of tests are described. These involve using simple one dimensional synthetic pulse-signals that are corrupted with different types of noise. It is the task of each system to return an estimate of the position and size of the pulse for different distributions of noise. Chapter 5 extends this work, presenting the results of some two-dimensional robustness experiments, again using synthetic signals of noise-corrupted discs, the synthetic nature of these images giving full control over the signal parameters. Chapter 5 also presents the results of some increasingly complicated cluttered images containing occluding and occluded discs. These tests include simple synthetic images, more complex anti-aliased and noise corrupted synthetic images and finally real images. Here the systems must return position and size estimates of all image features.

Chapter 6 gives a summary and evaluates the performances of the systems. In particular, the problems of implementation and obtaining results from the linear diffusion scale-space processor are discussed.

1.2 Statement of originality

Unless otherwise noted or referenced in the text, the work described in this thesis is that of the author. One section in particular is highlighted,

• Chapter 3 shows the implementation of four different approaches to scale-space analysis. Although these systems are not original to this thesis, they are rarely considered together and evaluated under similar signal conditions.

Chapter 2

Multi-Scale Systems

This chapter studies the basic concept of scale in relation to digitised images and computer vision. Some scale-based image processing algorithms are described that use both multi-scale and multi-resolution techniques. The history of scale-space theory is then introduced and the axioms of a scale-space representation are presented.

2.1 What is scale?

In terms of human vision, scale may be described as the measurement that is used to describe the size of an object. However, this is rarely considered as an absolute length, but as relative size compared to other features. This scale-labelling is somewhat arbitrary since objects may generally be viewed at a series of scales ranging from the atomic level to some external perimeter level and the correct scale, if there is such a thing, is very dependent on the distance at which that object is viewed. A useful analogy for this situation is described in [64, 71] in terms of cartography. There are many scales at which one may view a map; ranging from world maps that show the boundaries of countries and continents and that may possibly show the locations of large cities, to smaller-scale country maps that show the detail of towns and roads, to even smaller-scale city-guide maps that may focus on buildings. To mix the scale of detail shown at any scale-representation (for example to place the location of buildings onto a world map) or to have one map showing all detail at the true scale of the earth would be inconsistent with the needs of the map reader, the features on any particular map should be of a scale that is relevant to the scale of the map. It is the task of the cartographer to suppress all irrelevant detail whilst retaining an accurate description of the remaining relevant information. This multi-scale nature allows us to view areas at a range of different levels, where large-scale representations show the deep-structure and small-scale representations show the detail.

Presenting the visual information that surrounds us in a scale-based manner not only makes intuitive sense, especially for the cartography example described above, but is also a practical way to reduce the data rate. There is evidence to suggest that the human vision system also follows this scale-based approach. In [29] the results of psychophysical experiments showed that humans see periodic patterns or gratings by means of parallel visual filters that are each tuned to a band of spatial frequency and specific orientation.

There are many examples of literature that discuss the nature of scale and in particular the nature of scale in relation to computer vision [63, 71, 77]. When the notion of scale is transfered to digitised images the problem is simplified greatly by the limits that are immediately imposed. Whereas in nature the range of scales at which objects may be viewed is infinite, in computer vision this range is reduced by the constraints imposed by the imaging process. The minimum scale of any image is the smallest resolution unit which corresponds roughly to the grains of a photograph or the pixels of a digitised image. Conversely, the largest scale of an image corresponds to the largest size object that may be represented which is the total area of the image; these limits are sometimes referred to as the inner and outer scales [63].

As with the real-world cartography example, analysing an image as a function of some increasing-size scale parameter will allow the image to be seen at a variety of levels; a scale spectrum. Ideally, small-scale features are visible at the lower levels of this spectrum and conversely, large-scale features will be more apparent at large scales. A general multi-scale image analysis is simply a means of decomposing an image according to some notion of scale.

Why is there a need for this multi-scale analysis? Digitised images of the real world contain large amounts of information that may be unnecessary and confusing to the majority of higher-level processes. If there is any prior knowledge of the size or scale of a system’s region of interest then it makes sense to suppress all unwanted smaller and larger-scale detail from an image at the low-level process stage, before the higher-level analysis takes place. Even if there is no such prior knowledge, it is still advantageous to have as an input, an image that is viewed at multiple scales, especially if this multiscale representation provides information on the basic structure of the image and on the scale-lifetime (the longevity of objects over scales), sometimes linked to the importance of image features.

Analysing an image with respect to a scale parameter is not a new concept. This chapter starts by providing a basic introduction into some of the more popular scalebased representations and describing some practical applications. The final example that is discussed is that of a scale-space analysis and it is this approach that is followed throughout this thesis. The scale-space approach is not new [51], but, it has only recently gained popularity as a useful image-description tool for decomposing an image purely by scale.

2.2 Examples of multi-scale analysis

An examination of several multi-scale representations reveals that the image-based notion of scale is vague. Indeed, the main multi-scale methods that are implemented in Chapter 3 all have a different definition of scale. In general, this is defined by the parameters of the filtering operation, which may indicate that scale is related to the size of the filtering mask, the number of filtering iterations or to the dimensions of features within the image. Later we will argue for a definition of scale that is related to the size of image features and not to the analysis method, but first we review a number of multi-scale methods.

2.2.1 Quad-trees

The quad-tree representation was developed in the 1970’s [62] and was one of the earliest types of multi-scale structures. Images are divided into increasingly small block regions, decomposing the image into regions of similar intensity. This similarity is measured by some homogeneity criterion determined by the user or the intended application. For a square image, I, of size 2^k × 2^k pixels, the algorithm first treats the image as a single block region (g) and takes some measure of the variation in pixel intensity, such as the region’s intensity range, |g_{max} − g_{min}|, or the variance of the regions pixels

(2.1).

σ^2 = N∑ i=1 (g_{(x,y)} − μ)^2 N (2.1)

If this measure is greater than some threshold, T , the image is divided into n similararea sub-regions. For simplicity, n is usually set to 4 and the image is divided into quarters. The intensity variations of all new sub-regions are then calculated and the segmentation continues iteratively until all regions are of relatively uniform intensity, as determined by T .

Figure 2.1: Example quad-tree decomposition of an image. Left: original image, middle: quad-tree decomposition, right: quad-tree superimposed onto original image.

Figure 2.1 shows a quad tree decomposition of a simple test image. The original image (left) is 128 × 128 pixels and contains intensities in the range [0, 255]. Throughout this thesis the images will, unless indicated otherwise, be 8-bit greyscale with no headroom so 0 will represent black and 255 white. The number of sub-regions in the quad-tree, n, at each division is 4. The variation over each region is calculated using the maximum intensity difference over the region and the threshold, T, is set to 15.

The large regions of the original image that have low mean contrast, such as the top right hand corner, are segmented into large regions in the quad-tree decomposition. High contrast regions such as the white hand rail stretching across the image, the edges of the glass panels and the couple are segmented into small regions.

The algorithm is efficient and results in large data reductions if the image contains a small number of low contrast regions. For images with multiple high contrast areas, with a small threshold, T , the analysis is not so efficient and in a worst case situation all of the pixels in the image may be identified as sub-regions of the quad-tree.

Figure 2.2: Structure of a pyramid representation.

The quad-tree splitting algorithm is often used in conjunction with a merging algorithm. The final partition of a quad-tree analysis is likely to contain adjacent regions with identical properties, and so, within the quad-tree algorithm it is useful to merge any adjacent regions that obey the similarity condition.

2.2.2 Pyramids

Pyramid representations are both multi-scale and multi-resolution. The idea of this data-structure is to successively reduce the amount of data, by reducing the size of the image for higher-levels of the pyramid, hence ‘multi-resolution’, see Figure 2.2. The subsampling method used is crude; simply, every other pixel is removed from the image to create the next level. This approach would be meaningless, due to the anti-aliasing effects of the subsampling if there were no multi-scale representation combined into the pyramid generation. This is achieved through pre-filtering. Each level is filtered with a smoothing signal before subsampling occurs. It is the choice of filtering signal that determines the type of pyramid implementation. Whilst the simplest approach is to average non-overlapping blocks of 2 × 2 pixels to create corresponding pixels in subsequent levels, the more popular alternatives are low-pass pyramids generated by, for example, Gaussian smoothing, wavelet pyramids generated from wavelet filtering and Laplacian pyramids, otherwise known as bandpass or difference of low-pass pyramids, (DOLP), where each pyramid level is defined as the difference between two adjacent levels in a low-pass pyramid [116].

Figure 2.3 shows an example of a Gaussian pyramid decomposition. The original image lies at the base of the pyramid (level zero). It is 221 × 331 pixels. The levelone resolution image is created by filtering the original image with a sampled Gaussian with a mean of zero and a standard deviation of two. This smoothed image is then subsampled and the process continues to create the lower resolution images. The results are shown in the first to fourth (top) pyramid layers. Further reductions in image size are impractical for display purposes, however for base images of size 2^k × 2^k, the topmost layer of the pyramid reduces to a single pixel in the k + 1 level.

Figure 2.3: Example Gaussian pyramid decomposition of an image. Original image (level 0) is 221 × 331 pixels, successive layers are created by filtering with a Gaussian kernel (μ = 0, σ = 2) followed by subsampling. level 1 image: 111 × 166 pixels, level 2 image: 56 × 83 pixels, level 3 image: 28 × 42 pixels, level 4 image: 14 × 21 pixels.

The main advantage in creating a pyramid data-structure is in the reduction in spatial sampling that is needed for decreasing resolution representations. The rapidly decreasing image size leads to fast processing and small memory requirements, making the pyramid structure very efficient. The intermediate pre-filtering operations help to reduce any anti-aliasing effects caused by the subsampling. However, there are problems with this method of presentation. There is an implied fixed sampling rate in resolution since the image sampling is fixed to remove every other pixel at every stage of the pyramid.^1 This makes matching and tracking features through the different resolutions difficult. The definition of scale in the pyramidal structure is slightly ambiguous. There are two different types of processing that must occur to form each pyramid layer. If each layer is to be referred to as a particular scale representation then the definition of scale is dependent on both the pre-filtering and the subsampling operations. This ambiguity makes it difficult to find an analytical description of the movement of features through the pyramid. The subsampling destroys the mathematical model of movement caused by the smoothing filter and it is this subsampling that must first be removed to implement a scale-space structure.

2.2.3 Scale-space

A scale-space analysis is similar to the multi-scale analysis of the pyramid representation in that images are filtered to increasing scales. However, the major difference is in the lack of multi-resolution. A scale-space system provides a means of analysing a signal at multiple scales with no change in the signal resolution; the scale parameter is the only free parameter of the filtering function. The absence of the pyramids subsampling means that (with careful choice of filtering operator) an analytical model of the behaviour of the signal may be found – this was one of the main reasons behind the development of scale-space [118].

For an unknown signal, there is rarely any a priori knowledge of a suitable scale at which to analyse the contents of that signal. In fact, as stated by Witkin [118], for many tasks no one scale description is categorically correct. A scale-space representation provides a purely scale-based analysis of an image at a range of scales. Fine-scale detail is present only in the small-scale levels and, as scale increases this fine detail is removed until, at large scales a minimum of detail remains.

Figure 2.4 shows the structure of a scale-space and how it differs from the pyramid structure. The base or scale zero level is simply the original signal. All subsequent levels are produced though filtering with increasing-scale functions, the idea being to separate objects with respect to scale. Coarse scale representations provide useful simplifi-

1note: p38 in Lindeberg [71]. The harsh scale-sampling can be avoided to a certain extent through the introduction of “oversampled pyramids”, here, not every smoothing operation is followed by subsampling. Several representations are generated by filtering the same resolution image to increasing scales. This creates a denser sampling of the scale parameter.

Figure 2.4: Structure of a scale-space representation

cations of the original signal whilst the detail is still retained at small scales. Figure 2.5 shows a simple one-dimensional example scale-space, generated through convolution with an analogue of a Gaussian kernel (described in Section 3.2). The original signal is at the base of the scale-space and as the width of the kernel increases (increasing scale) detail is gradually removed.

Although the notion of the scale parameter is now fully determined by the filtering operation there is still a degree of ambiguity in the definition of scale with respect to the filtered signal. In a general sense, scale can refer to the size of objects in the filtered signal, however, different approaches to scale-space filtering produce scale-images that are determined by, for example, the dimensions of the filtering operator, the number of filtering operations or the dimensions of objects within the signal. This makes it difficult to compare the different systems.

The fundamental nature of the scale-space representation is that at any scale, all image-features may be linked back to corresponding features at a smaller scale, and finally back to the original, scale-zero image. There has, therefore, been a great deal of discussion over the choice of a suitable filtering operator. The problem has been to choose a filter that allows features at a coarse scale to be traced back to corresponding fine-scale features. A scaling parameter is easily introduced by filtering with any mask of slowly increasing size. The behaviour of the filtered signal may be easily modelled for increasing scale, but if the mask function is not carefully chosen the filtering process will more than likely introduce new features into the scale-space. This creates discontinuities between consecutive levels of scale which, in turn causes problems when tracing features from coarse to fine scales since one can never be certain that points at some in-

Figure 2.5: Example one-dimensional scale-space representation

termediate scale correspond to lower-scale features or to the weights of the filtering operator. That scale-space filters do not introduce artificial features into the scale-space is a fundamental requirement and is described in more detail in Section 2.3.

Early formulations in scale-space analysis [51, 117, 118] were developed along the lines of linear diffusion. In [77], Marr recognises that attributes carrying valuable information in a scene may emerge at any range of scales. To make allowances for this when searching for objects (as intensity changes) in an image, Marr filters with the operator ∇^2G where ∇^2 is the Laplacian operator (∂^2/∂x^2 + ∂^2/∂y^2) and G is the two-dimensional Gaussian distribution. This operator provides a scale-based approach to searching for intensity changes in an image. The Gaussian filter, having the desirable properties of smoothness and localisation in both space and frequency, blurs the image for increasing standard deviation kernels, whilst the Laplacian operator is used to locate the intensity changes as zero-crossings in the second derivative (see Figure 2.6).

Marr’s Laplacian of Gaussian approach has strong connections to linear scale-space theory. In [77] he notes that one of the useful properties of the Gaussian blurring function is that it is “least likely to introduce any changes that were not present in the original image”, however it was in [118] that Witkin coined the phrase scale-space filtering as a filtering method that relates one scale-description directly to another. He introduces the idea of a Gaussian-based, one-dimensional scale-space which is formed by blurring the original signal with a family of increasing scale Gaussian functions; the larger the function’s scale, the more intense the blurring effect and the greater the reduction in

Figure 2.6: Detection of intensity changes in a signal. On the left is the original signal, x, middle panel: the first derivative (d/dx) (peak at highest gradient point of x), right-hand panel: the second derivative of x, (d^2/dx^2), (zero crossing locates the highest gradient point of x.)

image detail.

The filtering operator is a zero-mean Gaussian kernel,

g_s(n) = 1 √ 2πs exp (_{−n2} 2s ) (2.2)

with a scale parameter, s, that is equal to the variance of the kernel, s = σ^2. Using this approach it is straightforward to generate a ‘family’ of increasing scale kernels that are convolved with a sample signal

I_s(x) = ∫ ∞ n=−∞ g_s(n)I(x − n)dn (2.3) to produce different scale representations. The advantage of such a representation lies partly in the easily obtained mathematical model of the behaviour of the filtered signal and also in the fact that the number of extrema (the detail of the signal) reduces for increasing scale.

In [8], Babaud proves that the Gaussian function is the only linear filter with the property that in one dimension, new extrema points or zero-crossings of the first derivative are never created for increasing scales. This property is very important because it allows for the coarse to fine scale tracking mentioned earlier – a necessary property for any multi-scale blurring system. Once features are located at a coarse scale there is a need to track extrema points back to the fine-scale image in order to localise features. If new extrema are created by the filter then the tracking algorithms become confused.

In [120] a proof that the number of zero-crossings decreases for increasing scales is presented for two-dimensional Gaussian filtering (and > 2 dimensions). In particular, Yuille and Poggio favour the Laplacian of Gaussians suggested by [78], mentioned earlier. At a similar time, Koenderink [63], described a two-dimensional scale-space filtering that is based on the assumptions of homogeneity and isotropy, treating all spatial positions across the image in a similar manner. He demands that there be no creation of new extrema for increasing scales – a property that he names causality, and he states that the only linear solution to the scale-space filter problem, given these constraints, is the solution of the isotropic diffusion equation, ∂I_s ∂s = c ∂^2I_s ∂^2x

(2.4)

where I_s is the image as a function of space, x, and scale, s. Koenderink also notes that the Green’s function of the diffusion equation is the Gaussian kernel; and so if the initial condition of the diffusion equation is the original image I(x), then the scaled image I_s is given by the convolution of I(x) with the Gaussian kernel of equation (2.2). Conversely, the convolution of I(x) with this kernel satisfies the diffusion equation of (2.4).

In [117] there is a review of some of these different approaches to generating a continuous Gaussian scale-space and the properties that each of the different approaches holds. Table 2.1 (from [117]) gives a summary of the findings. The basic definitions of these general properties follow, but, for more detailed descriptions the reader is referred to [117] and to the individual papers referenced in Table 2.1.

• Convolution kernel: The scale-space may be generated via convolution with a family of increasing scale kernels (T_s), where s denotes scale and I is the original image.

I_s = ∫ R^{N Ts(n)I(x − n)dn} • Semigroup property: Ensures that the scale-space filter may be implemented as a cascaded function.

T_{s1+s2} = T_{s2} (T_{s1} )

I1 I2 O K Y B L1 F1 A N L2 F2 Convolution kernel • • • • • • • • • • Semigroup property • • • • • • • • Locality • Regularity • • • • • • • Causality • • • • • Nonnegativity • • • • • Tikhonov reg. • Av. greylevel invar. • • • • Flat kern. for s → ∞ • • Isometry invariance • • • • • • • • • • Homogen. and isotrop. • Separability • • Scale invariance • • • • • • • Valid for dimension 1 2 2 1,2 1,2 1 1 > 1 N N N N

Table 2.1: Overview of continuous Gaussian axiomatics. I1 = Iijima [50, 51], I2 = Iijima [52, 53], O = Otsu [90], K = Koenderink [63], Y = Yuille & Poggio [120], B = Babaud [8], L1 = Lindeberg [68], F1 = Florack [37], A = Alvarez [5], N = Nielsen [87], L2 = Lindeberg [105], F2 = Florack [36]

• Locality: Limited action at a distance. For small scales, the value of the filtered image I_s at any point x, is determined by its vicinity:

lim_{s→0+}(T_s ∗ I_1 − T_s ∗ I_2)(x) = o(x)

for all images I_1, I_2 ∈ C^∞ whose derivatives of order ≥ 0 are identical.

• Regularity: A precise definition of the smoothness requirements for a scale-space operator varies from author to author, however, from [37]: Since the original image creates the scale-space, it is natural to assume that it is continuously embedded, i.e., lim_{s→0}+ I_s = I. In the linear convolution case, this means that the scale kernel T_s tends to Dirac’s delta distribution and its Fourier transform becomes unity everywhere.

• Causality: The scale-space evolution should not create any artificial extrema for increasing scale. See Section 2.3.1 for more detail.

• Non-negativity: If the non-negativity of the convolution kernel, T_s(x) ≥ 0 ∀x, ∀s ≥ 0, is violated, new level-crossings may occur for t > 0, such that the causality property does not hold.

• Tikhonov regularization: In the one-dimensional case, u is called a Tikhonov regularization of the image I, if it minimises the energy functional

E_I [u] = ∫ R^N

(I − u)^2 + ∞∑ i=1 λ_i ( d^iu dx^i )2 dx

This concept (and an N-dimensional generalisation of it) has been used by Nielsen [86]. The first term under the integral ensures that u remains close to the original image, while the second term determines the smoothness of u. The positive coefficients of λ_i are weights that guarantee the smoothness of the i^{th} derivative.

• Average greylevel invariance: The average greylevel invariance ∫ R^{N Is(x)dx =} ∫ R^{N I(x)dx ∀s > 0} can be achieved by means of the conservation principle; that the blurring transformation does not change the total light energy within the image, in connection with reflecting or periodic boundary conditions.

• Flat kernel for s → ∞: For s → ∞, the kernel may be expected to spread the information uniformly over the image. Therefore if the integral over the kernel should remain finite, it follows that the kernel has to become entirely flat: lim_{s→∞} T_s(x) = 0.

• Isometry invariance: Filtering the mirrored image I_m, with the kernel T_s produces the same result as filtering the original image I with the mirrored kernel T_{ms} and mirroring the output. In one dimension, for the case of linear convolution, this is only true for kernels that obey the symmetry condition,

T_s(x) = T_s(−x) (2.5)

• Homogeneity & isotropy: All spatial points should be filtered in the same manner and the kernel should be symmetrical, treating all points equally around the point of symmetry. For more detail see Section 2.3.2.

• Separability: The N−dimensional convolution kernel T_s may be separated into N one-dimensional convolution kernels, each of which act along one coordinate axis.

• Scale invariance: Filtering an image that is stretched by a scalar λ, by a kernel T_s should produce the same result as filtering the original image with a kernel T_s that has been stretched by the same scalar λ. To achieve this for N dimensions, the convolution kernel T_s has the structure

T_s(x) = 1 Ψ^N (s) Φ ( x Ψ(s) ) (2.6)

All kernels may therefore be derived by stretching a parent kernel such that its area remains constant.

2.3 Essential properties of a scale-space representation

The properties described in the previous table are simply the general properties of some selected approaches to scale-space and are not the required properties for scale-space analysis. So far, all the approaches have been linear, but this is not demanded. Since the introduction of scale-space theory, alternative non-linear solutions have become increasingly popular. The following chapter follows four different approaches ranging from the more classical linear diffusion filter to different mathematical morphology based filters. The one common feature to these systems is that they all observe the causality criterion that was introduced by Koenderink. Causality is the essential property of scale-space, however there are other attractive axioms that are adopted by different representations. A collection of these properties are described below:

2.3.1 Causality

If the scale-space structure is to show the progressive simplification of a signal with respect to a scale parameter, then there can be no artificial structures introduced by the filtering operation, i.e. the process must be causal.

In one dimensional discrete space, extrema may be defined as any length of flatsignal that is bounded on both sides by, either lower amplitude points (maxima), or higher amplitude points (minima). This is easily translated into two dimensions as a flat-zone area or region within an image that is bounded by pixels that are either, all of lower intensity than that of the flat-zone (maxima), or are all of higher intensity (minima).

Figure 2.7: Zero-crossings plot for an example one-dimensional signal.

To comply with the causality constraint, a processor must not introduce any new extrema to the filtered signal and any existing extrema must not increase in magnitude. The same constraint, in some publications, is described in terms of the number of zerocrossings in the first derivative of the signal. The paths of these zero-crossings form loops (see Figure 2.7 for an example) that are closed from above but never from below. Zero-crossings at any scale must be traced back to zero-crossings at scale-zero, to obey causality, the number of zero-crossings must not increase as the signal is filtered to coarser scales.

2.3.2 Homogeneity and isotropy

Along with the necessity of causality, Koenderink [63] also chose to apply the constraints of homogeneity and isotropy. These are not necessary, but do simplify the analysis. Homogeneity causes the filtering operation to be identical over the entire signal, and isotropy causes the filtering function to act identically in each direction (i.e. a symmetrical filtering element). Together, these properties ensure that all spatial points and all scale levels are treated in a similar manner.

If these axioms are adhered to, when combined with the causality restraint, the diffusion equation is referred to as the unique solution to creating a linear scale-space representation [8, 63].

2.3.3 Immediate localisation

If the constraints of homogeneity and isotropy are relaxed, other equally-valid, causal solutions appear and these solutions have their own useful attributes. The anisotropic diffusion based scale-space (to be discussed in Chapter 3) was first introduced in [91]. The algorithm allows the conductivity, c, of the diffusion equation (2.4), to vary as a function of the gradient of the image at any location. The main advantage of this process is that it overcomes the problematic blurring that is inherent with linear diffusion systems.

Immediate localisation requires that “at each resolution, the region boundaries should be sharp and coincide with meaningful boundaries at that resolution” [91]. This axiom strengthens the case of the non-linear alternative to linear diffusion; anisotropic diffusion [23, 91]. In low-contrast regions the image detail blurs to a constant greylevel whilst in high-contrast regions the diffusion is reduced, leaving sharp edges.

The advantages of such a property are clear. An image filtered to a coarse scale contains details that are easily referenced and linked back to objects in the original image. Extrema do not move as a result of filtering and so tracing objects through the scale-space is a much simpler task.

2.3.4 Piecewise smoothing

Advocates for anisotropic diffusion [91, 107] also require the property of piecewise smoothing; that intra-region smoothing should occur preferentially over inter-region smoothing. A popular description of this property involves an image of treetops against a sky background. Piecewise smoothing requires that “the leaf regions should be collapsed to a treetop before being merged with the sky background” [91]. In the case of linear diffusion, the leaves blur into the sky background before the treetop emerges as an object.

2.3.5 Scale-selection

We might also add that a system should provide a scale-selection surface. If a processor is to produce meaningful results, and its aim is to separate out signal-features according to scale, then it would be useful to generate a scale-selection surface. This surface should provide a means of obtaining scale and position estimates of individual features and should be robust to common image corruptions.

Chapter 3

Some Practical Scale-Spaces

3.1 Introduction

This chapter studies four different types of scale-space processor, some of which have several sub varieties. The four systems are the conventional linear diffusion processor [38, 71] that continues from the work of [8, 51, 63, 117, 118], the nonlinear or anisotropic diffusion system [22, 23, 91, 105, 107], the sieve, which is a connectedset based morphological system, [13–17] developed by Bangham, and lastly the fixedshape morphological system of Boomgaard [111] and Jackway [57] which is based on poweroids or quadratic structuring elements.

Figure 3.1 shows a selection of images from the scale-spaces of the above-mentioned systems. The original image (on the left) is a synthetic image of 100 × 100 pixels in the range [0,255], containing discs and rectangles that are corrupted with additive Gaussian noise of distribution (μ = 0, σ = 20). All of the filters are classified as scale-space processors since they obey the causality criterion, however, they “simplify” the input signal in different ways, ranging from the complete blurring of the linear diffusion (top row), to the controlled blurring of the anisotropic diffusion (second row) to the non-blurring, area-decomposition of the sieve (third row) and finally the mottled or bubble-effect of the images morphologically filtered by poweroid structuring elements (bottom row). The values of scale for these representations are also very different. This stems from the alternative descriptions of the scale parameter for each filter. The linear diffusion filter and the erosion-dilation scale-space have a scale parameter that is determined by

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 22

Figure 3.1: Example images from the scale-spaces of four different processors. The original input image (left) is a synthetic image corrupted with additive Gaussian noise. The top row shows the image filtered to scales 5 and 20 by the linear diffusion system, the second row shows the result of filtering using a type of anisotropic diffusion (scales 10 (left), and 20 (right)), the third row shows the results of one of the sieve-based filters at scales 100 and 200 and the fourth row shows the result of morphological dilation (left) and erosion (right) by a paraboloid structuring element of scale 0.01.

the filtering function. The anisotropic diffusion system’s scale parameter is determined by the number of filtering iterations and the sieve’s scale refers to pixel area in the input image. These differences are explained in more detail later. These figures are simply instructive in that they allow us to make a visual comparison of the systems and they also allow us an insight into possible problems that must be overcome if the desirable properties of scale-space processors are to be preserved. The following sections show some of the theory of these different approaches to scale-space filtering along with example images that further highlight the filter differences.

3.2 Linear diffusion

In [71] Lindeberg popularised the linear diffusion approach to scale-space filtering, continuing the theory originally proposed by Iijima, Witkin, Koenderink and Florack etc. The main contribution of [71] was to bring together many of the previous publications on linear scale-space theory and to present a new scale-space convolution kernel that is a discrete analogue to the Gaussian kernel. This new kernel is proved to be causal and is shown to have advantages over the discretised Gaussian-based scale-space.

This alternative filtering kernel is based on Bessel functions. The reasoning behind the new approach is explained through the problems that occur when translating continuous scale-space theory into discrete scale-space. Here, the properties of causality, homogeneity and isotropy are taken as the basis for linear multi-scale analysis.

The scale-spaces described in Chapter 2, section 2.2.3 refer to a linear scale-space representation where I is a continuous signal. From [8, 63, 118], to create a causal scale-space, the input signal must be convolved with a continuous Gaussian kernel, g_s.

I_s(x) = ∫ n n=−∞ g_s(n)I(x − n)dn (3.1) where the subscript, s, denotes the level of scale, equal to the variance, (s = σ^2), of the Gaussian kernel g_s(n) = 1 √ 2πs exp (_{−n2} 2s ) (3.2)

This solution is said to be unique because the Gaussian is the only causal filter in these circumstances. All other techniques introduce extrema into the higher-scale representations.

However, in general, the area of computer vision deals with discrete rather than continuous image data. This limits us to two kinds of practicable scale-spaces; those with a discrete space and discrete scale parameter, and those with a discrete space and continuous scale parameter.

Since the continuous Gaussian is the unique kernel solution for filtering a continuous signal, a discrete Gaussian kernel would seem to be an sensible choice for filtering a discrete signal and creating a discrete scale-space. If the causality constraint is the only requirement of this discrete scale-space kernel, then convolution with a discretised Gaussian will provide a valid scale-space. Evaluating a signal, I, filtered to scale, s, using y_s(x) = ∞∑ k=0 T_s(k)I(x − k), (3.3) where T_s is a sampled version of (3.2), produces a causally-filtered signal. However, in [71], it is observed that the discretised Gaussian does not obey the semi-group property,

T_{s2} (·) = T_{s2−s1} (·) ∗ T_{s1} (·) (3.4)

where T_s is the discrete kernel and ‘∗’ denotes a convolution operation. This demands that filtering a signal that has been pre-filtered to a scale s_1, to a scale s_2 − s_1, must produce an output signal that is equivalent to the original signal filtered to a scale of s_2.

Although imposing the semi-group property is not strictly necessary, it does simplify the analysis of the linear scale-space. Lindeberg shows that in the case of a discretised Gaussian, the causality property does not hold between two arbitrary filtering levels (i.e. the semi-group property does not hold). If s_1 and s_2 are two levels of scale, (s_2 > s_1 > 0), and the corresponding filter outputs from (3.3) are I_{s1} and I_{s2} , then it can be shown [71] that the causality property between the two filter outputs holds if and only if the ratio s_2/s_1 is an odd integer or if s_1 is zero.

It is impractical to create a scale-space using a kernel that operates in this manner. Figure 3.2 shows how such a representation must be formed; increasing-scale output signals must be generated only from the preceding output signal. If intermediary-scale outputs are then required, for example a scale 10 output where scale 10 < scale m, the relationship between this new level and all consecutive filtered images are no longer

Figure 3.2: Scale-space structure from a sampled Gaussian kernel

causal and the scale-space fails. Hence the scale-space properties of the continuous Gaussian kernel are not fully preserved after discretisation.

The semi-group property is not a necessary constraint for scale-space processors. Indeed, some of the systems discussed later do not observe the property. However, it is necessary that no new extrema be created though the scale-space. For the causality constraint to be observed between two arbitrary levels of scale, s_1 and s_2, using the discretised Gaussian described above, then the signal at scale s_2 must be generated from the s_1 output signal. The main disadvantage of such a system is that some prior knowledge of the required scale-sampling rate is needed.

Investigations by Lindeberg [68–71,107] lead to the definition of an alternative kernel; the T_s of (3.3) is taken to be

T_s(n) = e^{−αs}I_n(αs), (3.5)

where I_n are the modified Bessel functions of integer order and α is a parameter that affects the scaling of the scale parameter, s. For simplicity α is set to 1.

This new filter is an approximation to the Gaussian kernel, but unlike the sampled Gaussian, the semi-group property is observed and so causality holds between two arbitrary levels of scale. The kernel also satisfies the requirements for both the discrete scale and continuous scale systems. A scale-space generated in this way is equivalent to the solution of a semi-discretised version of the diffusion equation (3.6) – discretised

Figure 3.3: One-dimensional diffusion kernels: scales 10, 40 and 100 where s^2 = standard deviation

in space, but solved analytically in time, with the original signal, I(x, y, 0), as the initial condition and a constant diffusion coefficient c(x, y, s). ∂I(x, y, s) ∂s = div(c(x, y, s)∇I) (3.6)

Examples of some increasing-scale kernels generated from (3.5) are shown in Figure 3.3. The kernels are normalised such that, for all s, ∞∑ n=−∞ T_s(n) = 1. (3.7)

Figure 3.4 shows the result of applying increasing scale diffusion kernels (3.5) to a synthetic one-dimensional signal. The signal is filtered between scales 1 and 120. The small-scale detail of the jagged-topped right hand pulse is lost after only a small amount of blurring. As the degree of blurring increases the three significant features start to merge until, at large scales (not shown), they become indistinguishable.

3.2.1 Moving from one to two dimensions

To apply the diffusion filter in two dimensions it is possible to create a two-dimensional approximation to the diffusion kernel such as those shown in Figure 3.5. Scales s = 10, s = 50 and s = 100 are shown, where s is the square of the standard deviation of the kernels. However, it should be noted that convolving an image with two-dimensional kernels is inefficient. The kernel defined in equation (3.5) is separable and a two-

Figure 3.4: Synthetic example of one-dimensional diffusion filtering. The original signal is shown above and is shown below filtered between scales s = 1 and s = 120.

dimensional convolution may therefore be more efficiently implemented as two onedimensional convolutions along the rows and down the columns of the image. y_s(n, m) = ∞∑ k=−∞ ∞∑ l=−∞ T_s(k, l)y(m − k, n − l) (3.8) where T_s(k, l) = e^{−s}I_k(s)e^{−s}I_l(s) (3.9)

As these kernels are used to filter images to increasing scales it is important to limit any arithmetic errors due to finite precision. Because of the high level of blurring that occurs as a result of diffusion filtering, image features are generally traced through the the scale space by following the extrema points of each scale representation. False extrema points caused by factors such as kernel truncation errors can confuse tracking algorithms and so it is helpful to minimise these effects. If possible the kernel truncation

Figure 3.5: Two-dimensional linear diffusion kernels at scales s = 10 (top-left), s = 50 (top-right) and s = 100 (below). Note the differences in intensity between the three kernels: all kernels must sum to 1.

length should be greater than the length of the longest image side. This will contain the truncation errors outside of the image boundarys. However, for very large images this becomes impractical. For speed, the FFT/IFFT algorithms that are used to implement the linear diffusion convolution throughout this thesis pad both the kernel (of length L) and the image (longest side length N) to

zero-padding length = 2^n ≥ (L + N + 1) n > 0 (3.10)

As image sizes increase, convolving with a kernel whose length is longer than the largest image length is only practical for large scales; where the minimum requirement of 8 standard deviations of kernel are greater than N. As an alternative, Lindeberg [71] suggests that for all convolutions the upper bound of the relative truncation error ε, must be sufficiently small (typically 10^{−6} or 10^{−7}).

3.2.2 Boundary conditions

Increasing the length of the kernel to limit the truncation error and to include as many standard deviations as possible produces a further side effect. The kernel is then sensitive to changes outside of the image confines and so the boundary conditions for the image must therefore be considered.

There are various options for the choice of image boundary. These include:

• Mirroring at the boundary to produce a reversed image at each edge.

• Wrapping each border to meet the opposite image boundary, creating an “infinite” image.

• Extending the image boundary by continuing the edge pixels up to the length required to pad the FFT/IFFT.

• Zero-padding the image, this usually involves subtracting the image mean to zero to reduce the possible edge effects.

Of these solutions, the mirroring and wrapping options are discarded. They create an artificial structure to the space outside of the image that cannot be assumed. If there are significant (high intensity) features towards the edges of the original image, this artificial boundary may intrude upon the diffused image through filtering. Of the third and fourth boundary options, extending the image boundary is discarded for efficiency reasons and the remaining zero-padding option is used to implement all examples of linear diffusion in this thesis. In addition to this the mean is subtracted from all experimental examples in an attempt to reduce the step effect at the boundary edges. Nevertheless, it should be emphasised that the boundary conditions for diffusion systems are rarely discussed but have far more serious consequences than, for example, the method of discretising the kernel.

3.2.3 Properties of linear diffusion

The linear diffusion scale-space, as described by Lindeberg, has the following properties.

• Causality: In fact, the original causality definition of “no creation of new extrema” (described in Section 2.3.1 of the previous chapter) does not hold for all cases with the linear diffusion scale-space. There are, (albeit pathological) cases in two dimensions where the number of extrema within an image will increase with increased filtering. A popular example of this is presented in [67]. The paper describes a two-dimensional image consisting of two hills connected by a thin isthmus. This image is described as having one extremum. The top panel

Figure 3.6: New local extrema may be created by the diffusion filter in the twodimensional case. Top panel: Original image of one extremum and its surface intensity plot. Bottom panel left: original image filtered to scale 10, middle: image filtered to scale 20, right: image filtered to scale 40. all filtered images show two extrema.

of Figure 3.6 shows a synthetic example of such an image, with the hills being replaced by a sharp-edged disc and square. The right hand side of the top panel shows the corresponding surface intensity plot.

When this image is filtered by the discretised two-dimensional diffusion processor, the thin isthmus diffuses away more rapidly than the two connected areas. This leads to the development of two separate extrema after filtering – a violation of the previously mentioned causality axiom. In fact, the creation of new local extrema by linear smoothing is “inherent and inescapable” [71] when working with two or more dimensions. As a result of this there is a re-definition of the causality axiom. This simply requires that “if for some level t_0 a point x_0 is a local maximum for the scale-space representation at that level (regarded as a function of the space coordinates only) then its value must not increase when the scale parameter increases.” [71] (If x_1 were a minimum then its value must not decrease for increases in scale.)

• Isotropy and Homogeneity: The diffusion kernel is isotropic and homogeneous, having the same effect in all directions over the image, i.e. it is space invariant. However, these two properties serve no real practical purpose, they were simply introduced in [63] to simplify the analysis that showed the only linear solution to causal scale-space analysis to be the linear diffusion equation.

3.2.4 Example linear diffusion scale-spaces

Figure 3.7 shows a sample of signals from a one-dimensional scale-space representation where the original image (top panel) is 331 elements in length and has intensities in the range [0 − 255]. Scales s = 5, 25, 50, 100, and 500 are shown, and the detail of the original signal is blurred as scale increases. The signal mean is subtracted before diffusion (See Section 3.2.2).

Example images from the two-dimensional diffusion processor (3.8) are shown in Figure 3.8, the original image is shown in the top panel followed by scale-representations at s = 2, 10, 20 and 50. As in the one-dimensional case, the increasing scale filters bring increased suppression of detail. However the disadvantages of the high levels of blurring are more apparent in two dimensions. At large scales it becomes difficult to distinguish between different objects. This can lead to localisation problems when estimating the position of features at a coarse scale. There are also further problems associated with drifting extrema. The ‘infinite’ or, in practice, ‘wide-spread’ influence of the kernel means that any pixel in the image is affected by all other pixels. As a signal is filtered to increasing scales, the extrema positions of the signal are influenced by surrounding features; the more significant (higher intensity) those features are, the more influence they exert. For this reason it is necessary to track the movement of features through scale and space in order to relate feature positions at a coarse scale to the

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 32

Figure 3.7: One-dimensional scan-line (top panel) simplified via linear diffusion at scales 5, 25, 50, 100, and 500. The mean is subtracted from the original signal before filtering.

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 33

Figure 3.8: Images simplified via linear diffusion at scales 2, 10, 20 and 50 (clockwise).

positions of similar features at a small-scale. It is the problem of this blurring effect that led to the development of an alternative anisotropic diffusion filter. There are many variations of this filter which is based on allowing the rate of diffusion to vary as a function of the image gradient – a few of the more popular diffusion functions are discussed in detail in the following section.

In Section 2.3 of the previous chapter, one of the suggested properties of any practical scale-space was the development of a scale-selection surface. In other words, a means of identifying objects or features within a signal as being of a particular scale. There is such a surface for the linear diffusion filter. One of the suggestions in [71] is to study the curvature of the scale-space. The positions of peaks in this measure are said to indicate significant scales of image features. This is described in more detail in Section 3.7 where the different scale-measures and scale-selection surfaces of all processors described in this thesis are discussed.

3.3 Anisotropic diffusion

If the homogeneity and isotropy axioms of Section 2.3.2 are discarded then the conductivity, c, may vary so that c becomes c(x, y, s). In this case the diffusion equation becomes ∂I(x, y, s) ∂s = div (c(x, y, s)∇I) Non-linear or anisotropic diffusion, as described by Perona and Malik [91, 92], is one example of a numerical solution to the diffusion function c(x, y, s). Anisotropic diffusion, which works by allowing the structure of the input image at any particular point to determine the local rate of diffusion, has the advantage of limiting the problematic blurring that is inherent to the linear diffusion system. At the beginning of this chapter, Figure 3.1 showed a simple synthetic example image filtered using anisotropic diffusion. The scale s = 10 and s = 20 representations show the reduction in noise from the original image while the edges of the image features remain unblurred. In this implementation, scale refers to the number of iterations required to generate an output image.

A general framework for anisotropic diffusion may be formulated via the study of robust statistics [23]. In the following subsection this framework is used to illustrate some common anisotropic diffusion schemes.

3.3.1 Robust statistics

Robust statistics is concerned with outliers within a signal. If the input signal is assumed piecewise-constant, corrupted with zero-mean Gaussian noise with a small variance. Then outliers within this signal are identified as points with relative gradients

∇I_{i,p} = I_p − I^s_i , p ∈ η_i (3.11)

that are significantly higher than the allowable variance of the assumed noise. This noise threshold or cutoff point is labelled σ. In (3.11), s denotes scale, i is pixel position and p represents the spatial neighbourhood of each pixel; η_i being the North, South, East and West pixels for a four-connected neighbourhood of i.

The nature of the diffusion will depend on σ and the behaviour of the conductivity for gradients under and near the σ threshold. Points with gradients that are within this limit are smoothed towards piecewise-constant regions and points outside the limit, those identified as outliers, are rejected and left relatively untouched by the diffusion.

The continuous diffusion equation of (3.6) may be rewritten as ∂I(x, y, s) ∂s = div ( ρ^′(‖ ∇I ‖, σ) ∇I ‖ ∇I ‖ ) (3.12)

where c(x, y, s) = ρ^′(‖ ∇I ‖, σ) ‖ ∇I ‖ (3.13)

and ρ(x) is chosen to minimise the effects of outliers, (I_p − I_i). The strength of the function ρ^′(‖ ∇I ‖, σ) compared to ‖ ∇I ‖ controls the conductivity. In anisotropic diffusion the idea is to reduce the conductivity at large ‖ ∇I ‖ so one would expect ρ^′(x, σ) to tend to zero for large x.

If the continuous linear diffusion equation is implemented in this manner, where no attention is given to minimising the diffusion of outliers, then equation (3.6) may be re-written as ∂I(x, y, s) ∂s = div (c∇I) (3.14)

which, when compared to (3.12), leads to

ρ^′(x, σ) = cx (3.15)

and so for large x, there is increased smoothing, as expected for the case of linear diffusion.

Figure 3.9 shows the result of selecting a Lorentzian function, ρ_{Lor} (x, σ) = log ( 1 + 1 2 ( x σ )2) (3.16) ρ^′_{Lor} (x, σ) = 2x 2σ^2 + x^2

(3.17)

to control the degree of diffusion. In this figure the diffusion-rate is divided into three zones. In zone (I), for smaller intensity differences, the diffusion rate (vertical axis) is

Figure 3.9: Derivative of the Lorentzian diffusion function, ρ^′_{Lor} (x, σ), (3.17) for increasing x (increasing gradients). The function is scaled into the range [-1,1] and the outlier cutoff is 10.

almost linearly related to the gradient magnitude (horizontal axis) and the system acts like a linear diffusion system. In zone (II) the diffusion is decreasing, the turning point being the specified noise cutoff σ, and in zone (III), the diffusion tends towards zero for larger magnitude gradients.

The Lorentzian function is proportional to one of the diffusion functions or stopping functions given by Perona and Malik in [91]. Their notation differs slightly, the stopping function being described as g(x) in the diffusion equation ∂I(x, y, s) ∂s = div (g(‖ ∇I ‖)∇I) (3.18)

However, this links in easily with the earlier robust statistics diffusion equation of (3.28), if g(x) = ρ^′(x) x (3.19)

Perona and Malik’s stopping function (3.20) is designed to limit the amount of blurring across wide regions. g(∇I) = 1 1 + ( ‖∇I‖ K )2 (3.20)

The value of the constant, K, determines the level of preservation of image structure. Smaller values of K cause smoothing around the lower contrast regions of the image whereas larger values quickly break down the structure of an image. K may be set by hand or, alternatively, obtained using the Canny, [30], noise estimator. In [107], this involves setting K to the 90% value of the integral of a histogram of the absolute values of the gradient throughout the image (3.21).

K = i_{val} such that i_{val}∑ i=0 ‖ ∇I ‖ (i) max(‖∇I‖(i)) ∑ i=0 ‖ ∇I ‖ (i) = 0.9 (3.21)

where K is the index along the histogram baseline. It is also suggested that K be recalculated at every iteration, but this involves more computation than simplifying the image so a compromise is to compute the value of K every 5 or 10 iterations.

In the case of (3.20), g(x) is directly related to the Lorentzian robust diffusion function shown in Figure 3.9. If the constant K is set to K^2 = 2σ^2, then using (3.19), equation (3.20) may be rewritten as g(∇I)∇I = 2∇I 2 + ( ‖ ∇I ‖ σ )2 (3.22)

This may then be rearranged to give g(∇I)∇I = 2∇Iσ^2 2σ^2+ ‖ ∇I ‖^2 ∝ ρ^′_{Lor} (∇I, σ) (3.23) Which is found in [23], to be proportional to the derivative of the Lorentzian diffusion function (3.17).

Perona and Malik also suggest a second stopping function in [91] that in [23] is reported to be related to a diffusion function of Leclerc [66]. This stopping function,

g(∇I) = e^−(^{‖∇I‖K} )^2 (3.24)

is designed to limit the blurring across higher contrast edges and is shown in Figure 3.10, plotted in the form ρ^′(x) = g(x)x so that it may be easily compared with the Lorentzian-based function of Figure 3.9.

As with the previous diffusion function, the diffusion rate for small (≤ 10) gradients is approximately linear and the point of maximum diffusion is determined by the noise cutoff. Outliers with gradients above this point suffer less diffusion and are preserved. Unlike the Lorentzian function, the second Perona-Malik edge-based function has a diffusion-flow that approaches zero for realistic intensity differences. In the case of the Lorentzian of eqn (3.17), ρ^′_{Lor} → 0 only for ∇I_{s,p} → ∞.

Figure 3.10: Plot of the normalised Perona-Malik edge-based diffusion function, (3.24) in the form of ρ^′(x) = g(x)x. The function is scaled into the range [-1,1] and the outlier cutoff is 10.

The value of the noise-threshold constant σ is based on the calculation of a robust scale, σ_e, obtained from robust statistics, (3.25).

σ_e = 1.4826 median_i (| (‖ ∇I ‖ −median_i(‖ ∇I ‖)) |) (3.25)

This represents the median of the deviation of the absolute deviation of the original signal, from the median of the absolute deviation, and the constant is derived from the fact that the median absolute deviation of a zero-mean normal distribution with unit variance is 0.6745 = 1/1.4826. The relationship between the threshold constant σ and value of σ_e depends on the choice of diffusion function. In the examples of Figure 3.9 and Figure 3.10, the value of σ_e is set to 10. For the Lorentzian function to begin rejecting outliers at a gradient value of σ_e, a value of σ = σ_e/ √ 2 is required and, K = σ = σ_e √ 2 appears to be a suitable relation for the diffusion function of (3.24).

Both plots show how the influence of large-value outliers, in this case ((−10 > ∇I_{s,p}) or (∇I_{s,p} > 10)), is limited. This, in turn, limits the local diffusion-flow around the outliers.

Since the introduction of the Perona and Malik non-linear diffusion scale-spaces many variations have been developed. In addition to providing a formal robust statistics analysis of some existing systems, Black [23], presented a new system that also obeys scale-space causality and that is reported as being robust to some types of image noise.

Figure 3.11: The normalised Tukey-biweight derivative function, ρ^′_{T uk} (x, σ) (3.27), in blue, shown with the Lorentzian diffusion function, ρ^′_{Lor} (x, σ), of (3.17) in red and the Perona-Malik edge-based diffusion function of (3.24) in green. Each function is scaled into the range [-1,1] and the outlier cutoff is 10.

The Tukey-biweight based function (3.26) that is used in Black’s anisotropic system has a derivative function, (3.27), that descends to zero for realistic image gradients.

ρ_{T uk} (x, σ) = x2 σ2 −^{x4}_{σ4} +^{x6}_{3σ6} |x| ≤ σ 1 3 otherwise

(3.26)

ρ^′_{T uk} (x, σ) = x(1 − (x/σ)^2)^2 |x| ≤ σ 0 otherwise

(3.27)

Figure 3.11 shows a plot of the Tukey derivative function (in blue) along with the Lorentzian and (3.24) functions. All of the functions are normalised to be within the range [−1, 1] and in all cases σ_e = 10, σ being calculated as σ = σ_e √ 5 for the Tukey function.

The behaviour of the Tukey derivative is similar to that of the edge-based function of Perona and Malik. For gradient values I_p − I_i < 10 pixel intensity differences are smoothed towards flat-zones. The maximum amount of smoothing occurs for gradients I_p − I_i = 10, and for steeper gradients, the rate of smoothing rapidly decreases until, for outliers of I_p − I_i ≥ 22, there is no diffusion, preserving the edges of the flat-zones.

In practice, the continuous diffusion equation given in (3.12) may be implemented through the iterative discretisation

I^{s+1}_i = I^s_i + λ | η_i | ∑ p∈η_i ρ^′(∇I_{i,p}, σ) (3.28)

Where λ is a scalar (usually set to 1) that determines the rate of diffusion scaling. I^{s+1}_i is the value of the current pixel, i, after filtering to a scale of s + 1; scale being marked by the number of iteration steps, and | η | is equal to 4 for a four-connected neighbourhood.

3.3.2 Boundary conditions

All examples on anisotropic diffusion in this thesis use a four-connected neighbourhood. For this reason, all that is required as a boundary condition is the extension of the current boundary intensities for one pixel in the North, South, East and West directions.

3.3.3 Properties of anisotropic diffusion filtering

• Causality: All of the non-linear diffusion functions described in this thesis adhere to the causality criterion; i.e. no artificial extrema points are created for increasing scale images.

• Immediate localisation: For the three listed diffusion schemes, the rate of diffusion is restricted at regions of high local contrast. Since high contrast points are linked with edges and region boundaries in images, non-linear diffusion provides a good basis for accurately locating these boundaries.

• Piecewise smoothing: If the local contrasts within each region are are small compared to the region boundaries and are below the noise-cutoff level, then as scale increases intra-region smoothing will occur preferentially over inter-region smoothing.

3.3.4 Examples of non-linear diffusion scale-spaces

Examples of some scale-spaces for real one-dimensional signals, produced by the three functions are shown in Figures 3.12, 3.13 and 3.14. In all cases the value of σ_e is calculated using eqn (3.25).

In Figure 3.12 we see the simplification of the one-dimensional signal using the Lorentzian based diffusion or “stopping” function. As scale increases the filter removes the small-scale noise present in the original signal, scale being related to the local contrast. Signal elements with low contrast are removed, retaining a series of “flat-zones”. These “flat-zones” are also present in the edge-based diffusion of Figure 3.13 along with additional lower-contrast edges considered significant by the value of σ. The faster falloff or drop in the edge-based diffusion rate for gradients above the cutoff limit, (seen in Figure 3.11), causes more edges to remain untouched by the diffusion.

The result of the even-sharper falloff of the Tukey diffusion function in seen in Figure 3.14. The value of σ_e as calculated by eqn (3.25) for this one-dimensional example is 3.7065. Since this is so small, much of the higher contrast points are left untouched. Only the lower-contrast areas are smoothed to flat zones.

The differences between linear and non-linear diffusion filtering are more easily observed in two dimensions. Figures 3.15, 3.16 and 3.17 show the effects of the three anisotropic diffusion functions on a real image. In each case the original image is shown in the top panel, followed by images filtered to scales s = 10 (i.e. 10 iterations), 50, 100 and 200.

The differences between these images and those, from the linear diffusion system shown in Figure 3.8, are clear. Both the linear and non-linear diffusion scale-spaces are causal, however with the anisotropic system the property of immediate localisation, introduced in Section 2.3.3, is observed. Structures in the filtered image have sharp edges that coincide with similar feature edges in the original image. For instance, in all three anisotropic diffusion systems, the white rail above the glass panels is visible, and

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 43

Figure 3.12: Scan line simplified via Lorentzian-based anisotropic diffusion (3.17); Scales 25, 50, 100, 250, 500 and 1000 are shown. The value of σ_e is calculated from (3.25)

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 44

Figure 3.13: Scan line (top panel) simplified via Perona and Malik edge-based anisotropic diffusion: (3.24). Scales 25, 50, 100, 250, and 500 are shown. The value of K was set using K = σ = σ_e √ 2.

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 45

Figure 3.14: Scan line (top panel) simplified via Tukey-based anisotropic diffusion (3.27); Scales 25, 50, 100, 250, 500 and 1000 are shown. The value of σ_e is calculated from (3.25)

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 46

Figure 3.15: Images simplified via anisotropic diffusion using the diffusion function given in (3.17). The scale-space is made up of images filtered to scales 10, 50, 100 and 200, the scale indicating the number of iterations of eqn (3.18)

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 47

Figure 3.16: Images simplified via anisotropic diffusion using the diffusion function given in (3.24). The scale-space is made up of images filtered to scales 10, 50, 100 and 200, the scale indicating the number of iterations of eqn (3.18)

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 48

Figure 3.17: Images simplified via anisotropic diffusion (3.28) with the Tukeybiweight diffusion function of (3.26) at scales 10, 50, 100 and 200 remains in the same position throughout filtering. This same feature in the linear diffusion example is blurred in the image at scale 20 and indistinguishable (by eye) from the background at scale 50. The ease with which coarse-scale features in an image may be located in the original signal means that the tracking that is required to locate and record the movement of objects in a linear scale-space is not required. The difference between each of the non-linear systems is also more apparent in two dimensions, after a large number of filtering iterations, the edge detail of the Lorentzian system in Figure 3.15 begins to diffuse into the background, this is not the case with the second Perona and Malik function and the Tukey function as diffusion is stopped completely around higher contrast points. Indeed, the small value of σ_e calculated for this image allows for very little diffusion in the case of the Tukey filter.

Much of the fine-scale detail of the original image is retained in the anisotropic systems. For instance, the branches of the trees and the wire structure on the righthand building are all visible in the coarse-scale representations because of the high contrast between these features and their backgrounds. Only the low contrast features are affected by the anisotropic diffusion filter. This is even more apparent in the Tukey results where the diffusion is limited to the low-contrast cloud and grass areas of the image, giving the final filtered image the appearance of a ‘cleaned’ and ‘sharpened’ version of the original. The filter has the effect of smoothing away any low-contrast noise with minimal damage to the underlying structure of the image. Raising the value of σ has the effect of increasing the level of diffusion in the higher-contrast features.

3.3.5 Discussion

There are many published variations on these anisotropic diffusion systems, all aimed at limiting the blurring of the linear diffusion processor, but they have significant problems. The processing time taken for these filters far exceeds that taken for the linear diffusion counterpart. Furthermore since they are iterative schemes, the computation time is image dependent; a major problem for larger images. Also, although some of these filters are based on robust statistics (for instance the Tukey-based filter), they operate by retaining the outliers. Hence low amplitude white noise is removed provided the local contrast measures do not exceed the noise cutoff. For larger amplitude white noise, or impulsive noise spikes the filters are not as robust. Noise spikes with higher local gradients either diffuse too slowly or remain untouched by the filter. Low-pass filtering the original image before applying the anisotropic diffusion will remove unwanted noise spikes, however this has the drawback of introducing a new parameter into the filtering procedure and also, the accuracy of the anisotropic filter is diminished. The papers [6, 31] discuss this problem in more detail and describe a further solution whereby the diffusion function c(x, y, s), is a function of the gradient of the image smoothed by a Gaussian kernel of variance σ, c(x, y, s) = g(|∇(G_σ ∗ I)|).

A more significant problem is that it is difficult to associate objects within an image to a particular scale. This will be discussed in more detail in Section 3.7, but briefly, the notion of scale changes with this implementation; scale is now associated with the number of filtering iterations rather than the dimensions of the filtering element. This creates problems when attempting to generate a scale-selection surface for the filter. The scale-space representations of the Figures 3.12 to 3.17 show that there are objects of different sizes at a particular scale iteration. Objects are not removed from the image at a set scale that corresponds to their size, their duration through the scale-space is instead a function of the local image gradients at those object locations. Section 3.7 will discuss this and other problems of scale-selection for all of the studied scale-space systems.

3.4 Morphology based scale-spaces

Mathematical morphology is a method of filtering signals, particularly images, with respect to shape and it is often associated with Serra [99, 100, 102] and Matheron [79] but also derives from the work of others such as Blum [24]. Morphological methods are widely used in commercial image processing packages where they appear as greyscale, or more usually, binary operations, such as erosions, dilations, opening, closing, tophat or watershed [82, 104] algorithms. Indeed, in many applications, the morphological filters perform better than the convolution-based alternatives because of the emphasis on shape matching.

Scale-related morphological operations, (where increasing size operators are applied to a signal), have been in use since the early days of mathematical morphology. For instance, Matheron [79] used binary image openings with scaled structuring elements to investigate the distribution of particle sizes within an image. Since then further developments have arisen in the form of multiple scale erosions with fixed-shape structuring elements [55], increasing scale sequences of open/closings or alternating sequential filters [106] with flat structuring elements [98] and alternating sequential filters with reconstruction, “reconstruction filters” [96, 97, 103]. Reconstruction filtering involves filtering with a fixed-shape structuring element. If image objects are small enough to fit within the structuring element they are removed through filtering. Objects that are too large to be removed will, instead, be distorted. This distortion is then subsequently corrected and the remaining objects are restored to their original state.

Matheron’s technique, called granulometry, is based on observing the number of objects at a particular scale of filtering, with no position information retained and has since been used in further scale-related morphology, including the sieve algorithm described later. Granulometry has been used by [75, 93] to characterise pattern spectrums and analyse the shape-size content of a signal. The granulometry theory is also extended to greyscale analysis [34] and there are methods for choosing the relevant granulometry in a principled fashion [42]. These granulometry algorithms have the advantage of being particularly fast in one dimension [9, 10, 115].

The general field of morphology may be divided into three sub-fields, into which the majority of morphological filters will fall. Firstly, there is the more popular filtering with a rigid structuring element, where the signal is fitted to the surface of the structuring function. In terms of scale-related morphology, this simply implies filtering with an increasing size (but fixed shape) function. Secondly, there exists a newer approach which is based on non-rigid connected-sets. Here the signal is filtered with an emphasis on spatial size (length or area) rather than shape. In a scale-related system, the signal is simply filtered to increasing area. Lastly, the final sub-field is rank filters which are based on order-statistics. The signal is filtered according to some ordering scheme (mean, median etc.) over a window which can either be rigid or based on connected sets. Again, scale-related morphology involves increasing the size of the filtering window.

It is the first two of these fields that have received the most attention for extending the scale-related morphology into a scale-space morphology system. The rank filter approach suffers since it is difficult to filter over a rigid window in two or more dimensions and not introduce new extrema into the signal. However, it is possible to implement rank filtering over a connected-set and this is discussed briefly in a later section.

Many of the current scale-related morphological approaches do not take the causality constraint into account and they cannot therefore be classified as scale-space systems. In one dimension a multi-scale opening or closing operation may preserve scalespace causality [32] (with careful choice of structuring element) but this does not necessarily hold for higher dimensions [85]. Although in [32] Chen and Yan filtered binary images with openings by discs of scale equal to the disc radius, they were only concerned with the introduction of extrema over the contour of shapes within the images and not over the image as a whole. This work on shape-based scale-spaces started with work from Asada and Brady [7] and continued with Mokhtarian [83], Chen and Yan [32] and Jang and Chin [61], Chen and Yan having produced the first proof of any type of causal morphological multi-resolution system. However, this thesis is more concerned with the synthesis of grey-level based morphological scale-spaces, which developed along two paths; one involving filtering with rigid structuring elements and the other, filtering with connected-sets.

The two systems that are studied in the following sections emphasise these different approaches to scale-space. Multi-scale filters which use rigid greyscale structuring elements to match features [102,106] are said to be a powerful analogue of linear matched filters, and the first filter discussed is described by Jackway [57, 59, 60] and van den Boomgaard [111] and is based on decomposition using a fixed structuring element with a parabolic shape. The second filter is based on the more recent advances in connected set filters [48,112]. Alternating sequential filters that do not impose this rigid geometry on objects, and that use connected sets have been described in [97, 103, 109, 113, 114] and the sieve [14, 15, 17, 18], which implements an area-based decomposition, is one example of this different approach.

This first section provides a brief description of some basic morphological operations The definitions cover binary signals and images, and are extended to threedimensional space for use in greyscale image filtering. A more in-depth analysis of these operations may be found in tutorial texts such as [35]. The definitions given here relate directly to the descriptions of the Boomguard/Jackway filters, and although, within the sieve definition, there are no fixed shape structuring elements, the basic morphological operations are still applicable.

3.4.1 Basic morphological operations

The most basic of morphological operations are erosions and dilations. These involve passing a structuring element along the signal and at every successive point, attempting to fit the signal to the structuring element. Secondary operations, such as openings and closings, may be defined in terms of erosions and dilations. The definitions of these operations (for binary signals) are described in terms of the set notation of Dougherty and Astola [35].

Erosion

The binary erosion of an image described by the set f, by a structuring element described by the set A, is denoted by f ⊖ A and is defined as f ⊖ A = {u : A + u ⊂ f, u ∈ f} (3.29) where u : (A + u) indicates the translation (A + u), of the structuring element by each pixel position (u) in the original image.

Treating A as a template, f ⊖ A consists of all the template origin positions for which the template, translated by u, fits inside f. This is the same as an intersection or AND’ing operation between the binary image and the translated template.

This definition is easily extended into greyscale erosion by taking the max in discrete space. The greyscale erosion of an image, f(x), by a structuring element, a(x), is defined as f(x) ⊖ a(x) = min{f(x + y) − a(y) | (y ∈ A)} (3.30) In the binary case the translated template of the structuring element must be a spatialsubset of the original image. For greyscale images the structuring element must be spatially, and vertically, within the confines of the original image.

Figure 3.18: Example of one-dimensional erosion. Original signal in black, output after eroding with a flat 3-point structuring element is shown in red.

Figure 3.18 shows an example one-dimensional erosion. The input signal (in black) is eroded by a flat 3-point structuring element (origin in the centre) and the result is shown in red. The usual analogy of this operation is to imagine pushing the structuring element up to the underlying surface of the image, f(x). The eroded image is represented by the path of the structuring element’s origin point as the structuring element is pushed up as far as possible into the image.

Dilation

The binary dilation operation is the direct complement of the binary erosion operation. Given the signal described by the set f, and a structuring element described by the set A, the opening of f by A is denoted by f ⊕ A and is defined as f ⊕ A = {A + u : u ∈ f} (3.31)

If the template of the structuring element, A, is translated to all points of the input image, f, the union of these translates make up f ⊕ A. The same result is achieved through an OR’ing operation between the binary image and the translated template.

Again, this definition is extended to greyscale images by taking vertical translation into account. In discrete space the dilation of the image, f(x), by the structuring element, a(x) is achieved through a min operation, f(x) ⊕ a(x) = max{f(x − y) + a(y) | (y ∈ A)} (3.32)

Figure 3.19: Example of one-dimensional dilation. Original signal in black, output after dilating with a flat 3-point structuring element is shown in red.

Figure 3.19 shows an example one-dimensional dilation. The input signal (in black) is dilated by a flat 3-point structuring element (origin in the centre) and the result is shown in red. The simplest description of the greyscale dilation operation is to imagine the reflected structuring element, a(x), being pressed down onto the above-surface of the image, f(x). The dilated image is represented by the path of the structuring element’s origin point as the structuring element is pushed-down as far as possible into the image.

Opening

In practice, erosions and dilations tend to be applied in pairs. Filtering a signal using purely erosions or purely dilations produces a large bias in the filtered output. This bias, towards signal maxima or minima, is caused by repeated min or max operations.

Following an erosion by a dilation (or visa versa) helps to reduce this bias slightly and create a more robust filter output. An opening is one such secondary morphological operation. The opening of a greyscale signal, f(x), by a structuring element, a(x), is denoted by ψ_{a(x)}f(x), and is defined as an iteration of erosion followed by dilation,

ψ_{a(x)}f(x) = (f(x) ⊖ a(x)) ⊕ a(x) (3.33)

Different notations for an opening operation include the following: f∘a and O(f, a). For a binary image, an opening involves taking the union of all translations of the structuring element that fit inside the input image, f. The result of iteratively applied openings is the elimination of image detail that is smaller than the structuring element. For instance, the opening of an image with a disc-shaped structuring element will eliminate small positive-going image features and smooth object edges and contours. There is still a bias in the filtering process (removing only positive-going features), however it is possible to further reduce this bias through more complex filtering iterations that will be described later. Figure 3.20 shows an example one-dimensional opening. The input signal (in black) is opened by a flat 3-point structuring element (origin in the centre) and the result is shown in red. Note that all positive going extrema with width less than three are removed.

Figure 3.20: Example of one-dimensional opening. Original signal in black, output after opening with a flat 3-point structuring element is shown in red.

Closing

The closing operation is the dual of the opening operation and is defined as an iteration of dilation followed by erosion. The closing of the image, f(x), by the structuring element, a(x), is denoted by γ_{a(x)}f(x) and is described by,

γ_{a(x)}f(x) = (f(x) ⊕ a(x)) ⊖ a(x) (3.34)

Figure 3.21 shows an example one-dimensional closing. The input signal (in black) is closed by a flat 3-point structuring element (origin in the centre) and the result is shown in red. Here all negative-going extrema with widths less than three points are removed.

Figure 3.21: Example of one-dimensional closing. Original signal in black, output after closing with a flat 3-point structuring element is shown in red.

Using the disc example from the openings description, closing an image with a discshaped structuring element will eliminate negative-going features that are smaller than the structuring element and smooth image edges and contours.

Alternating sequential filters

An obvious solution to reducing the opening and closing filters’ respective bias towards maxima and minima is to filter by alternating the two operators. These third-level operations are referred to as Alternating filters, or Alternating Sequential filters [101,106] when applied repeatedly with increasing size structuring elements.

The M filter is defined as an opening followed by a closing operation

M_{a(x)}f(x) = γ_{a(x)}(ψ_{a(x)}f(x)) (3.35)

This has the effect of removing both positive and negative going extrema that are smaller than the structuring element.

Its dual operation is the N filter, defined as a closing followed by an opening operation N_{a(x)}f(x) = ψ_{a(x)}(γ_{a(x)}f(x)) (3.36)

Again, this removes both minima and maxima that are smaller than the structuring element. However because of the differing orders of filter application, (M = (min, max,- max, min) and N = (max, min, min, max)), the resulting M and M filter outputs still retain a small bias towards either signal minima or maxima.

Figure 3.22: Example of one-dimensional M− and N −filtering. Original signal in black, top panel shows output after M−filtering and bottom panel shows output after N −filtering with a flat 3-point structuring element.

Figure 3.22 shows an example of one-dimensional M and N filtering. As before the input signal (in black) is filtered with a flat 3-point structuring element (origin in the centre). The above panel shows the result of the M−filter output and the bottom panel shows the N −filter output. The two operations do not give the same output because of the small extrema bias that exists for these filters.

The repeated application of these alternating operators with increasing size structuring elements will remove larger and larger features in the filtered image.

Rank filters

If an image is badly corrupted with noise, it may be difficult to segment features within the image from the noise. In this situation the simpler morphological operations or the alternating sequential filters may not give the best results. A separate stream of development has been that of rank filters. Rank-order methods aim at estimating the grey value of a pixel from the values of the surrounding pixels that fit within some window. The simplest estimate would be to return the average over the window, however, this linear filter blurs sharp edges within an image. This blurring is avoided if the median value over the window is returned. Median filters and their derivatives are commonly used techniques in image processing, variations include the median [108], root median [40], recursive median [81] and, more generally, stack filters [33].

These types of filters were developed primarily to remove random noise from signals and images, however, there are suggestions for using them for tasks such as shape recognition [95]. Although the nature of a window-based filter is to ignore shape and form within an image, there is a close relationship between rank filters and morphological filters [76].

Figure 3.23 shows an example one-dimensional median filter. The input signal (in black) is filtered by a 3−point median window (origin in the centre) and the result is shown in red. A median filter of window length N will remove extrema of length (N − 1)/2, where N is odd.

3.4.2 Morphological filter properties

Some of the properties that are used to describe the morphological filters are defined below in terms of a general morphological operator Q.

Figure 3.23: Example of one-dimensional median filtering. Original signal in black, output after filtering with a 3-point median window is shown in red.

• An operator Q is idempotent if Q(f) = Q(Q(f)). In words, an operator is idempotent if applying the operator to the signal repeatedly produces no further change. Opening, closing, M− and N −filters are all idempotent.

• The dual of the operation Q(f) is defined as −Q(−f). Erosion is the dual of dilation, which means that erosion may be expressed in terms of dilation operations, and dilation may be expressed in terms of erosion operations. Similarly, closing operations are the dual of openings and M operations are the dual of N operations. If Q(f) = −Q(−f) then the operator is self dual

• An operator Q is anti-extensive if Q(f) ≤ f and is extensive if f ≤ Q(f). If the filtered output is contained by (or is a subset of) the original signal then the operator is anti-extensive. If the original signal is contained by the filter output, then the operator is extensive. The opening operation is anti-extensive and the closing operation is extensive.

• An operator Q is monotonically increasing if it preserves the order of signals such that if f_1 ≤ f_2, then Q(f_1) ≤ Q(f_2). For a fixed-shape structuring element erosion, dilation, opening and closing are monotonically increasing. This property is central to designs involving multiple erosions (or dilations); if, instead of two signals there is one fixed signal, f, and two operators where Q_1 ≤ Q_2, then Q_1(f) ≤ Q_2(f) for monotonic increasing systems.

3.5 Morphology using poweroids

As with linear systems there are several schemes for the morphological simplification of images but only a few that obey the scale-space causality principle, and, as with Gaussian filtering, schemes that produce scale-spaces from one-dimensional signals may need rather careful extension to more than one dimension [57].

Figure 3.24 shows a particular structuring function and its point of origin. For the primary erosion and dilation morphological operations the output is defined as the path of the origin point as the structuring element is pushed into the the surface of the image. In the case of erosion the element is pushed up to the underside of the image and in the case of dilation the element is reflected in the xy plane and then pushed down onto the above surface of the image. In either case there is no vertical or horizontal translation involved. Offsets in the filter output will only occur when the origin point of the structuring element is changed. For a scaled structuring element these offsets may be scale dependent and can cause problems in tracking image features between scale outputs. For this reason there are no vertical or horizontal offsets in the filtering operations described in this thesis.

Figure 3.24: Point of origin of a structuring element.

A simple example of erosion and dilation in one-dimension is shown in Figure 3.25. The input signal is a scan line from a real image and the structuring elements are onedimensional poweroid functions. The details of the structuring function will be described later, the figure simply shows the effect of the erosion and dilation operation on the scan line. The blue line shows the result of erosion with a function of scale 0.1. It smoothes the scan line slightly and removes small-scale extrema (biasing the signal towards maxima). The red line shows the result of dilation with the same shape structuring element, this time of scale 0.5. This larger function causes more smoothing and reduces a higher number of large-scale extrema (biasing the signal towards minima). Once removed these extrema will not reappear at larger scales. In the limit, as scale approaches zero, the original signal is recovered and as scale approaches ∞ the output is a flat line.

The figure shows that the number of extrema in a signal is reduced as the signal is filtered to increasing scales. It is therefore reasonable to consider this morphological method when building a scale-space system.

Figure 3.25: Example of one-dimensional erosion and dilation with general poweroid functions of scale 0.1 and 0.5 respectively

There are types of scaled two-dimensional structuring elements, such as flat functions, spherical functions and poweroid functions, that may be used in morphological filtering but only a few have been shown to be of use in a scale-space based approach. Jackway [57] and van den Boomguard [111] have developed a morphological filter based on erosions and dilations with fixed circular-poweroid structuring elements.

The general equation of this two-dimensional poweroid function, as defined by [57], is given in (3.37) below. g_s(x, y) = −|s| ( √ x^2 + y^2 |s| )α α ≥ 0, s ≠ 0. (3.37)

The variable s is the scale of the element, however, it is α that determines the overall shape of the function. Examples of various values of alpha are shown in Figure 3.26 For α = 1 the structuring element is a cone, for α = 2 a paraboloid, for α = 4 a quartoid and for α = ∞ a cylinder.

Figure 3.26: Parabolic structuring elements (3.37) with different values of α. From left to right: α = 1 for a cone, α = 2 for a paraboloid, α = 4 for a quartoid and α = ∞ for a cylinder.

This section discusses only erosions and dilations. Jackway discusses and provides a full proof of the causality of the morphological erosion and dilation operations in [55,57,59,60] and also discusses and makes corrections on the previous causality proofs of Chen and Yan [32], and Nacken [85] in [58].

Of the choices of α in (3.37) and from Figure 3.26, it is observed that, for any fixed scale, the more “pointed” (low α) structuring elements tend to give more emphasis to the local shape of the original signal. Filtering with flat structuring elements, such as cylinders (α = ∞), gives rise to problems in localisation. The filtered greyscale image contains large flat regions imposed onto the signal by the structuring element and the position and shape of the local extrema are distorted. This creates difficulties in linking extrema at different scales, making it unreliable as a scale-space system.

Figure 3.27: Paraboloid structuring elements of scale 0.05, 0.5 and 1.0

Setting α = 2, produces the paraboloid function (3.38). Figure 3.27 shows three examples of this paraboloid, at scales s = 0.05, 0.5 and 1.0. As scale increases, so does the volume of the paraboloid. g_s(x, y) = − (x^2 + y^2) |s| (3.38)

Jackway shows that these functions are advantageous because of (i) their second order characteristics (the point of maximum curvature is found at the origin), (ii) morphological erosions and dilations from this function obey the semi-group property which allows scale representations to be calculated from previous smaller scale outputs I ⊖ g_{s+u} = (I ⊖ g_u) ⊖ g_s I ⊕ g_{s+u} = (I ⊕ g_u) ⊕ g_s and (iii) these functions are computationally less intensive than the alternatives since the paraboloid is separable. A two-dimensional filtering operation can therefore be performed more efficiently as two one-dimensional operations.

Figure 3.28 shows a synthetic image containing four impulses that is eroded and dilated by a paraboloid function. The effect of the erosion is to suppress all maxima that are smaller than the element and to blur the minima by imposing the shape of the structuring element onto the signal. Vice versa for the dilation operation.

Since the combined erosion-dilation (opening) or dilation-erosion (closing) operations have not yet been fully proven to obey causality [57], filtering to a scale s produces two images, one erosion and one dilation, leading to a different scale-space structure.

Figure 3.28: Example two-dimensional erosion and dilation filtering. Original image (top left), structuring element (scale 0.5) (top right), result of erosion (bottom left), result of dilation (bottom right)

The major differences between the scale-space structure used by both Jackway and van den Boomgaard [111], and the previous scale-spaces that originate from the work of Witkin [118], is that the morphological erosion-dilation scale-space describes the signal at both negative and positive scales. The diffusion scale-space is based on the premise that the scale zero image is the original signal and the positive scale representations of this image are the result of diffusion to a particular scale s. In the case of morphological filtering the dual erosion and dilation operations are used to create the scale-space, so filtering to scale s is slightly ambiguous, involving either an erosion or a dilation of scale s. The scale-space is therefore divided into three regions, where the image at scale, s, is calculated as

I_s(m, n) = (I ⊕ g_s) (m, n) s > 0 I(m, n) s = 0 (I ⊖ g_s) (m, n) s < 0 (3.39)

Thus the input signal I is subject to either a greyscale dilation for positive scales or a greyscale erosion for negative scales. In [57] the non-negative aspect of the Gaussian scale-space is described as a “limitation”, however, having to combine the information from the pairs of images that correspond to each scale of this erosion-dilation scalespace is in itself problematic.

3.5.1 Boundary conditions

The input signal is assumed to be −∞ outside its boundaries, this region is described as the unidentified signal region in [35]. For erosion operations the structuring element must fit entirely within the spatial confines of the original signal, this results in a narrowing of the output signal after filtering (shown in Figure 3.29). The degree of narrowing is equal to the horizontal distance between the origin of the structuring element and its outermost point in the filtering direction.

For dilation operations the filtered signal is wider than the original, however it is usual to show only the signal-region that was occupied by the original signal. The mirrored structuring element is ‘pressed’ to the above surface of the input signal and at the boundary points the filtered signal is wider by a length equal to the horizontal distance between the structuring elements origin and its edge.

3.5.2 Properties of the paraboloid scale-space

This section lists the scale-space properties of Section 2.3 that are held by the paraboloid erosion-dilation scale-space. The system also holds many of the various morphological properties as defined in Section 3.4.2. The erosion operation is the dual of the dilation operation, erosion is extensive while dilation is anti-extensive and both operations are monotonic increasing. The paraboloid filtering operation is not, however, idempotent; filtering a signal twice with the same structuring element will produce two different outputs. The filter, instead, obeys the semi-group criterion (3.4) also mentioned earlier.

• Causality: In [55,57] the causality of the paraboloid erosion-dilation scale-space is proven such that given the local set of maxima and minima,

E^{max}_σ = {t : I_σ(t) is a local maximum} (3.40) E^{min}_σ = {t : I_σ(t) is a local minimum} (3.41)

then, for all

σ_1 > 0, if σ_2 > σ_1 then E^{max}_{σ2} ⊆ E^{max}_{σ1} (3.42)

and likewise, for all

σ_1 < 0, if σ_2 < σ_1 then E^{min}_{σ2} ⊆ E^{min}_{σ1} (3.43)

3.5.3 Example paraboloid scale-spaces

Figure 3.29 and Figure 3.30 show examples of the scale-space created from a real onedimensional signal taken as a scan-line from an image. Figure 3.29 shows the signal eroded by one-dimensional paraboloid structuring elements (3.38) of scale s = −0.05, −0.2, −0.5,−2 and −4. The original signal is assumed to be at −∞ at the edges and so the eroded output is narrowed as the scale of the structuring element increases. As expected the erosion removes increasing scale maxima. Figure 3.30 shows the corresponding positive scale-space signals, filtered by one-dimensional paraboloid structuring elements (3.38) of scale s = 0.05, 0.2, 0.5, 2 and 4. Here the minima of the signal are removed at increasing scales causing the overall amplitude of the filtered signal to increase.

These results are more easily observed in two dimensions, where problems with the filtering scheme also become apparent. Figure 3.31 and Figure 3.32 show four examples

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 68

Figure 3.29: Scan line (top panel) simplified via erosion with a one-dimensional paraboloid function (3.38); Scales −0.05, −0.2, −0.5, −2 and −4 are shown.

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 69

Figure 3.30: Scan line (top panel) simplified via dilation with a one-dimensional paraboloid function (3.38); Scales 0.05, 0.2, 0.5, 2 and 4 are shown.

of the test image smoothed using increasing scale paraboloid structuring elements of equation (3.38). Figure 3.31 shows the original image in the top panel, followed by the image eroded to scales s = −0.05, −0.15, −0.35 and s = −1.0 using equation (3.39). As scale increases the images grow darker as the erosion causes the maxima regions of the images to be removed. For instance the railing disappears at scale −0.15 and the clouds are gradually eroded. One obvious problem here is that the erosions cause considerable distortions. The image is fitted to the curved surface of the structuring element, giving the filtered images a bubble effect. This causes considerable problems in the analysis of the scale-space.

Figure 3.32 shows the corresponding positive-scale (dilation) outputs and these too show the bubble effect of the paraboloids. Increasing size minima are removed by increasing scale structuring functions so that, for example, the walking couple are completely removed by scale 1. Since the dilation operation removes the minima from the signal the images become brighter for increasing scale.

The main problems associated with this system are apparent in the example figures. Firstly, the scale-space is divided into positive and negative scales, with the original images as the zero scale representation. The positive scales represent the maxima region information and the negative scales represent the minima regions, and since regions of importance can not necessarily be segmented into purely maxima or minima regions, results have to be fused from the two representations. Secondly, since erosions and dilations are bias towards minima and maxima, the operations are very sensitive to noise spikes. A solution to this would be to consider a scale-space based on the less-sensitive open and close operations, however this is not yet proven as a causal system [56, 57]. Thirdly, the bubble-effect distortion in the images causes problems in tracking features through the scale-space and, lastly, there is, as yet, no method to associate given image features with a particular scale, in other words there is no scale-selection surface for this filter. This last point will be discussed again in Section 3.7.

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 71

Figure 3.31: Images simplified via erosion with a parabolic structuring element of scale -0.05, -0.15, -0.35 and -1.0

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 72

Figure 3.32: Images simplified via dilation with a parabolic structuring element of scale 0.05, 0.15, 0.35 and 1.0

3.6 The sieve

The sieve is a non-linear decomposition algorithm with applications in low-level signal and image processing. It uses morphological operations to remove increasing scale detail from a signal, in any number of dimensions, without destroying the basic structure of the signal. This signal simplification is causal and so the sieve satisfies the principle axiom of scale-space theory. A detailed mathematical description of the sieve and its theorems is given elsewhere [15], this section provides a basic description of the algorithm and its properties along with examples in one and two dimensions.

The sieve works by applying a flat structuring element to an input signal but this structuring element is different to those described in the previous section because it has a fixed size but a varying shape. This means that the sieve decomposes a signal based on size: sample length in one-dimensions, pixel area in two-dimensions, voxel volume in three-dimensions and so on. The significant feature of the sieve is that the filtering operations are designed to remove extrema of a set size or scale rather than a set shape.

In the two-dimensional examples of Section 3.5.3 it was shown that filtering with a fixed structuring element deforms the output image since the shape of the structuring element is imposed onto the filtered image. The sieve operates differently, using a flexible structuring element that fits to the shape of the greyscale image. The usual explanation for the sieve decomposition is based on Graph theory [48,65,112] where the input signal is represented as a graph, G = (V, E). The vertices or the set of elements of the graph are described by V and the set of edges, E, describes the connectivity of these elements. It is impossible to perform a true erosion or dilation operation over the graph, however it is possible to perform redefined opening, closing, M and N operations which will be described later.

Through the use of graph notation it is possible to describe the sieve in any number of dimensions. In one dimension the graph notation of a signal results in a list. For the example in Figure 3.33 the graph (G_{1D}) vertices are the element labels V = {1, 2, 3, ..., 10, 11}, and the set of edges, E, store the connectivity information based on two-connected samples, E = {{1, 2}, {2, 3}, ..., {10, 11}},

This notation is easily extended into two dimensions as shown in Figure 3.34. The vertices of the graph are now the pixel elements, and the edges, E, represent the fourconnected neighbourhoods of each pixel. The new graph representation, G_{2D} = (V, E),

Figure 3.33: Graph representation in one dimension (G_{1D}), left: original onedimension signal, right: vertex labels (V ), and edges (E).

is composed of V = {1, 2, 3, ..., 24, 25} (3.44) and E = {{1, 2}, {1, 6}, {2, 3}, ..., {20, 25}, {24, 25}} (3.45) where the image intensities are defined as a function, f, of the vertex number, f(v) v ∈ V ,

Figure 3.34: Graph representation in two dimensions (G_{2D}), left: original twodimensional signal showing pixel intensities, f(v) v ∈ V , middle: vertex labels (v ∈ V ), right: edge labels (E).

The sieve filter performs a decomposition by area which is seeded at the extrema points of the original signal. The sieve removes these signal peaks, starting at scale s = 1, (maxima or minima of length one unit or area one pixel) and increasing to the maximum scale, m. This is represented in one dimension by the length of the input signal and in two dimensions by the pixel area of the input image.

The signal peaks are removed by applying morphological operations over the graph. Defining C_r(G) as the set of connected subsets of r elements, within G, allows the definition of C_r(G, v) as those elements of C_r(G) that contain the vertex v. C_r(G, v) = {ξ ∈ C_r(G)|v ∈ ξ} (3.46) This may be explained in simpler terms as the set of connected regions of size r that contain the vertex v. For example, in the one-dimension signal of Figure 3.33, the set of regions of size 2 elements that contain the vertex 7 is

C_2(G_{1D}, 7) = {{6, 7}, {7, 8}} (3.47)

similarly, for the two-dimensional, four-connected graph of Figure 3.34 C_2(G_{2D}, 7) = {{2, 7}, {6, 7}{7, 12}, {7, 8}} (3.48) The removal of extrema over the graph is achieved through the application of a morphological operator Q_s of scale, s, over C_r(G). Q may be any of the opening, closing, M or N operators or, alternatively, Q may be a recursive median sieve operator (ρ), defined later.

The redefined, N−dimensional, graph-based opening and closing operations are given in equations (3.49) and (3.50) respectively. They are simply ordered min and max operations. The graph-based M (3.51) and N (3.52) operations are also shown; these remain as ordered opening and closing functions.

ψ_rf(x) = max_{ξ∈Cr(G,x)} (min_{u∈ξ} f(u)) (3.49) γ_rf(x) = min_{ξ∈Cr(G,x)} (max_{u∈ξ} f(u)) (3.50) M_rf(x) = γ_r(ψ_r(f(x))) (3.51) N_rf(x) = ψ_r(γ_r(f(x))) (3.52)

For the opening, closing, M and N sieve operators the relationship between the regionsize subscript r, and the scale subscript s, is s = r − 1. So, features of scale s may be removed via a sieve of region-size s + 1 elements.

For instance, the effect of applying an opening of scale s = 1, (Q_1 = ψ_2), to any signal would be the removal of all maxima of unit length or area. (A scale s = 0 opening (ψ_1) operates on individual pixels and makes no change to the overall signal.) The values of these removed vertices after filtering are lowered to equal that of their highest intensity neighbours. For example, the middle panel of Figure 3.35 shows the result of a scale one opening on the simple example image from Figure 3.34. A ψ_2 operator is applied to every pixel in the image. This involves:

1. applying a min operation to all sets of C_2(G_{2D}, v) for all v, followed by

2. applying a max operation to all sets of min(C_2(G_{2D}, v))

The effect of (1) on, for example, vertex 7 of the image would produce

min(C_2(G_{2D}, 7)) = {min{2, 7}, min{7, 8}, min{7, 12}, min{6, 7}} = {5, 5, 5, 5} and the effect of (2) on this set would be

max(min(C_2(G_{2D}, 7))) = 5

Therefore, the value of the vertex 7 and similarly the value of the vertex 17 (the only other unit area maximum of the image) is five after filtering with a ψ_2 operator.

Conversely, the effect of applying a scale 1 closing filter, γ_2, to the image would be the removal of all minima of unit area (i.e. vertex 13). The values of the filtered points would then equal those values of the lowest intensity neighbours. See the right-hand panel of Figure 3.35.

Figure 3.36 shows the differences between these sieve outputs for a simple synthetic one-dimension signal. The signal is filtered to scale one, using each of the sieveoperators. The differences between the M_2 and N_2 outputs arise because of the ordering of the maxima and minima along the signal. Figure 3.36 also shows the sieve-based

Figure 3.35: left: Original image, middle: Opening to scale 1 (ψ_2), right: closing to scale 1 (γ_2)

recursive median sieve output, (ρ_r) [19]. In one-dimension this is described as a one pass approximation to the root median filter, a median filter applied to the input signal until no further change occurs. The definition of a one-dimensional recursive median sieve is

ρ_rf(x) = median{ ρ_rf(x −^{r−1}_2 ), ρ_rf(x −^{r−1}_2 + 1), . . . , . . . , ρ_rf(x − 1), f(x), f(x + 1), . . . , x ≥ 0 . . . , f(x +^{r−1}_2 − 1), f(x +^{r−1}_2 )} 0 x < 0

(3.53)

In practice, ρ_rf(x) will remove extrema, of scale s = (r − 1)/2 where r must be odd. These elements are removed in the order that they occur as the signal is parsed. This sieve operator may also be implemented in two dimensions, where the image is simply scanned from top to bottom, as in a raster scan and extrema are processed as they occur. This is not an implementation of a conventional two-dimensional recursive median filter – the filters are only the same in one dimension. It should also be noted that this recursive median operator does not always preserve causality. In Figure 3.36 the result of the one dimensional recursive median sieve, (ρ_3), gives the same output as the N filter, this is because the signal is scanned from left to right and the extrema are processed in the order that they occur. If the input signal is flipped from left to right, the output would equal that of the M filter. For more complicated interactions between the signal extrema, the recursive median filter does not necessarily match the other operators.

original signal f(x)

ψ_2f(x)

γ_2f(x)

M_2f(x)

N_2f(x)

ρ_3f(x)

Figure 3.36: Simple one-dimensional example showing the differences between the scale 1 opening (ψ_2f(x)), closing (γ_2f(x)), M− (M_2f(x)), N− (N_2f(x)) and recursive-median (ρ_3f(x)) sieve operators.

The structure of a full sieve decomposition of an input signal is shown in Figure 3.37. Increasing scale operators are applied to the previous scale sieve outputs, producing a signal that is simplified by scale. The result of applying a sieve operator of scale s to an input signal f is defined as

f_s = Q_s(f_{s−1}) (3.54)

where the original zero scale signal is f_0 = Q_0(f) = f

Figure 3.37: Structure of a sieve decomposition. Q denotes a sieve operator; either ψ (opening),γ (closing),M, N or ρ

The cascaded operators remove increasing size maxima or minima. Therefore the result of applying a scale-two opening, ψ_3, to ψ_2(f(x)) would be the removal of all maxima of size ≤ 2, and so on. The development of sieves as scale-space processors relies on the repeated application of the alternating sequential filters (M_r and N_r), to increasing scales.

M_sf(x) = M_rM_{s−1}f(x) and N_sf(x) = N_rN_{s−1}f(x) (3.55)

with the initialising condition M_0f(x) = M_1f(x) = f(x) and N_0f(x) = N_1f(x) = f(x). Since no new extrema are introduced through the filtering process [15], the cascade operations of (3.55) produce causal scale-space representations of the original signal. As scale increases the detail of the input signal is gradually removed until, at the maximum scale, the filtered output is flat.

Figure 3.37 also shows the Granularity domain of the sieve decomposition. This too is essential to the sieve’s scale-space representation. The granule functions, (G_s), of the sieve are defined as the differences in the successive low-pass sieve outputs (3.54)

G_s = Q_{s−1}(f_{s−2}) − Q_s(f_{s−1}) = f_{s−1} − f_s (3.56)

The non-zero regions of these granule functions are the connected sets of elements that have been removed from the original image at a particular scale. These non-zero regions of G_s are called granules, (g_s), and they have the useful property of occupying the same position within the granule function as they did in the original signal. This allows the sieve decomposition to be fully invertible; the original signal may be reconstructed by summing all the granule functions over all scales

f(x) = G_1 + G_2 + . . . + G_{m+1} (3.57)

where G_{m+1} = f_m (3.58)

This property is shown more clearly in the synthetic two-dimensional example of Figure 3.38. The 100 × 100 pixel image is filtered to a single flat-zone (top row) and all features that are removed from the image are stored as granules in the corresponding granule functions (bottom row).

The small rectangle in the bottom left-hand corner of the image has an area of 30 pixels and so is removed at scale 30; filtering below scale 30 produces no change. Once removed from the lowpass signal, the rectangle is stored as a granule, shown in the second panel of the bottom row. As the lowpass signal is filtered with increasing scale M−sieves, there is no change until scale 121, when the centre, smaller square is removed. Again this is stored as a granule in the corresponding granule function. At scale 900 all detail is removed from the original signal and the final large-scale granule is recorded.

Only those scales where changes occur are shown in the figure. For an image of this size there are 10000 possible decomposition images. Since it is infeasible to display and store such vast amounts of data it is possible to sum all of the outputs over a range of scales into a channel. In this case features of different scales may appear in the same channel and so only an approximate scale estimate may be calculated. If a more accurate scale estimate is required, a channel may be sieved to a finer level of quantisation.

3.6.1 Sieve properties

Below is a brief summary of the more useful sieve properties – with respect to implementation as a practical scale-space processor.

Figure 3.38: Plot showing the low-pass M-sieve decomposition of an image (top row) shown as a surface intensity plot, and the corresponding granule surfaces (bottom row).

Figure 3.39: Surface intensity plot of a simple image. Left: Original image, middle: image diffusion filtered to scale 10, right: image M−sieved to scale 260.

• Idempotency: Sieving a signal to a scale s will remove all extrema of size s.

Further filtering operations to a scale less than or equal to s will produce no change in the sieve output. The sieve is therefore idempotent.

f_s = Q_s(f_{s−1}) = Q_s(Q_s(f_{s−1})) (3.59)

• Invertibity: Once a signal has been sieved to increasing scales it is possible to reproduce the original signal by summing the differences between successive lowpass sieve outputs (G_s) (See (3.57)). It should be noted that, to fully reproduce the original signal from a complete sieve decomposition, the signal should be bounded on all sides by zeros. See Section 3.6.2 for more details.

• Causality: Filtering a signal with the opening-, closing-, M− or N -sieve operators will not introduce any artificial extrema into the signal [15]. Figure 3.39 shows a popular example, introduced by Lifshitz and Pizer [67], discussed in Section 3.2.3, that illustrates the problem of diffusion based systems obeying the causality axiom in two dimensions. The increase in the number of extrema points at increasing scales for the diffusion filter caused the re-evaluation of the causality axiom to that stated in Section 2.3.1. The sieve algorithm creates no new extrema and so obeys both the original and the re-evaluated causality axiom.

• Immediate Localisation: As proposed by Perona and Malik, (see Section 2.3), the region boundaries of the sieves output are sharp and are easily related back to the original signal.

3.6.2 Boundary conditions

Since the sieve-decomposition is invertible, the sum of the sieve’s granule functions should replicate the original signal. However, this is only guaranteed if the boundary conditions of the input image are controlled. In one-dimension, this involves padding with enough zero elements to equal to the original signal length, (m), at the start and end points of the signal. In two-dimensions, a full boundary of zeros whose area is greater than the area of the image is needed. Without this zero-padding the baseline or maximum scale (m) intensity value cannot be preserved.

3.6.3 Example sieve scale-spaces

A scale-space decomposition of a more realistic, noisy signal is shown in Figure 3.40. Here the input is the same as that used to illustrate the one-dimensional linear and non-linear diffusion systems and the morphological poweroid scale-space, shown in Figures 3.7, 3.12, 3.14 and 3.29 – 3.30. The figure shows the low-pass M-sieve decomposition with signal representations at scales 3, 10, 20, 40 and 100. Figure 3.41 shows the granules as they are removed during filtering. Filtering to scale 3 removes the vast majority of small scale detail from the signal, and the remaining, larger extrema are reduced to flat regions before being removed at the appropriate scale. Here, it is necessary to filter to scale 331 (the signal length) to reduce the output signal to a single zero-amplitude flat-zone (not shown).

Figure 3.42 shows the result of M−sieving the more realistic image that was used to demonstrate the performance of the other systems. As detail is removed by the sieve the extrema regions merge into their local backgrounds. The couple walking in front of the building are removed between scales 500 and 1000. In comparison to the diffusion systems, the sieve output shows no blurring and the extrema points of the image are not subject to spatial movement. The sieve output has some resemblance to the non-linear diffusion systems, but has an intrinsic scale-calibration: extrema of pixel-area s-pixels are removed at scale s. The anisotropic systems have no such scale calibration. This is discussed in more detail in the following section.

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 84

Figure 3.40: Scan line (top panel), simplified via M−sieving. Results after sieving to scales 3, 10, 20, 40 and 100 are shown.

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 85

Figure 3.41: Granule functions (G_s) corresponding to the M−sieved signal of Figure 3.40, granule functions G_{1→3}, G_{3→10}, G_{10→20}, G_{20→40}, G_{40→100} and G_{100→331} are shown.

Figure 3.42: Images simplified via M−sieving to scales 100, 500, 1000 and 10000

3.7 Scale-selection and scale calibration

The well-published requirements and aims [63,71,118] of scale-space processors were discussed briefly in Section 2.3. Each of the filters described in this chapter obeys the necessary axiom of causality along with other selected axioms from the list. However, it is the final addition to the property list; the property of a scale-selection surface that is discussed here. The aim of this thesis is to study and compare the performances of scale-space systems as estimators and the experiments that are described in Chapters 4 and 5 show how well these systems may cope with distortions such as image noise. However, to perform these experiments there is the need for a scale-selection surface and a method for associating objects in an image with their own particular scale.

A general multiscale representation contains no explicit information on the significance of features within an image or signal and also no information on the appropriate scales at which to view these, as yet unknown significant features. Unless there is some a priori knowledge available, the low-level multi-scale analysis must begin by treating all scales as having equal importance.

The definition of exactly what constitutes significant features within an image is by no means fixed. Edge-boundaries and corner-points are sometimes mentioned, as are extremal regions [73, 118]. This thesis concentrates on extremal-regions, since the scale-selection surfaces for the other features are not so well developed.

If these systems are then able to use the scale-space information to label image features as being of a particular scale, even if these features exist over a range of scales within the scale-space, then this information may be passed on to any higher-level systems, and the delay that can exist between the low-level and high-level processors may be reduced.

The definition of scale alters for the different scale-space representations, varying from the dimensions of a rigid filter to the number of filtering iterations to the area of a non-rigid connected-set. The next section shows the methods by which some of these scale-spaces produce scale estimates, and introduces the problem of comparing these methods.

3.7.1 Linear diffusion

At any scale representation, the linear diffusion scale-space may contain features of multiple scales. The example images of Figure 3.8 show that the small-scale walking couple are still visible in the largest scale image. The blurring caused by the filter makes objects indistinguishable as they are reduced to smoothed peaks and troughs that eventually merge at larger scales in the scale-space. A simplified example of this, and the problems that it can cause is shown in Figure 3.43.

Figure 3.43: Top left: signal containing impulse of amplitude 10, top right: signal containing pulse of width 10 units and amplitude 1. The signals are filtered by linear diffusion (eqns (3.8) and (3.9)) to scale s = 25 for the top-left signal (output shown bottom-left) and s = 18 for the top-right signal (output shown bottom right)

The figure shows two signals, in the top left panel, an impulse of length 1 unit and amplitude 10, and on the right a pulse of length 10 units and amplitude 1. The signals are both of length 100 units. When filtered to different scales (scale 25 bottom left and scale 18 bottom right) these signals become practically indistinguishable. Given that there is no prior information as to the correct scale at which to view these signals, it is impossible to make any attempt at scale estimation from the low-pass blurred output. Instead, a second level of computation is needed.

In [71–73] Lindeberg investigates methods of automatic scale selection. The equation given in (3.60) is reported as one of the options for scale estimation. This scaleselection surface gives a measure of the curvature of the scale-space at any position, and peaks in this output are thought to represent the presence of possible significant features in the corresponding low-pass filtered image.

d_s = s∇^2I_s = s ( ∂^2I_s ∂x^2 + ∂^2I_s ∂y^2 ) (3.60)

In (3.60) I_s is the image I filtered to a scale s. In practice, the square of d_s is used to remove the polarity effects of the signal, and a search for maxima over this surface is used to find the significant points. For the processing of larger images, the idea of storing both the low-pass scale-space and the corresponding scale-selection surface is costly in terms of memory requirements. In this situation the five-point discretised version of this equation (3.61) [4] may be applied to the low-pass surface’s extrema points (x), and their North (x_N ), South (x_S ), East (x_E ) and West (x_W ) neighbouring amplitudes. (h is a measure of the separation between adjacent points)

d_s = s | | | | 1 h^2

(x_N + x_E + x_S + x_W − 4x) | | | | (3.61)

Figures 3.44 and 3.45 show the result of applying (3.60) to the simple 1D pulsesignals from the top panel of Figure 3.43, after diffusion to increasing-scales. The original signals are given in the top panels and below, the left-hand panel shows the low-pass diffused signals at scales s = 5, 10, 25 and 70. The right-hand panel shows the scale-selection surface for the corresponding scales. For the filtered impulse signal (Figure 3.44), the curvature of the diffused signal is higher at small scales, whereas for the wider-pulse signal (Figure 3.45), the curvature of the scale-space is low at small scales, and at increasing scales the curvature increases, peaking around scale 25 before reducing again for large scales.

In [71] it is the position of these scale-selection surface peaks that provides scale estimates for the pulses. In these simple examples the pulse’s position estimate may also be taken directly from the position of peak, however for signals containing more than one feature (the majority of non-synthetic images) tracking is needed to estimate position. This is due to the influence of the diffusion kernel covering a wide area of the input signal; all features with positions that fall into the range of the filtering kernel directly affect the filter output at that point. For instance, a signal containing two positive impulses filtered to a large enough scale will produce a scale-space representation

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 90

Figure 3.44: Scale-selection for the linear diffusion filter. Top panel: Original image, left-hand panel: the linear diffusion scale-space at scales s = 5, 10, 25, and 70. The right-hand panel shows the corresponding squared scale-selection surface created using equation (3.60)

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 91

Figure 3.45: Scale-selection for the linear diffusion filter. Top panel: Original image, left-hand panel: the linear diffusion scale-space at scales s = 5, 10, 25, and 70. The right-hand panel shows the corresponding squared scale-selection surface created using equation (3.60) containing a single extremum. The maxima in the scale-selection surface will provide the scale-estimates, however, to recover the position information these maxima must be traced back over the scale-space surface to the original image at scale-zero.

Figure 3.46: Plot of the maximum points of the scale-selection surfaces of the two signals from Figure 3.43 plotted against increasing scale. Left panel: scale-selection surface of the impulse signal - estimated scale s = 2, right-panel: scale-selection surface of the pulse signal - estimated scale s = 28.

Figure 3.47: Relationship between estimated scale of simple pulse signals and true scale (pulse width) for linear diffusion

Figure 3.46 shows examples of the maxima of the scale-selection surfaces plotted as a function of scale. The input signals were, again, the impulse and the width-10 pulse of Figure 3.43. The scale estimates for the two signals are taken at the peaks of the scale-selection curvature, and so the impulse (on the left) has an approximate scale of s = 2 and the pulse (on the right), s = 28. It is possible to calibrate these results and find an explicit relationship between the recorded scale estimates and the width of a signal pulse. This relationship is indicated in Figure 3.47, where the scale estimates of

31 pulses are plotted against the true pulse width. The relationship is invariant to pulse amplitude, which simply causes a vertical offset in the scale-selection surface.

Figure 3.48: The crown of thorns effect. The original image (left), is diffused to scale s = 2 (middle), and the resulting scale selection surface is shown (right). These extrema points are caused by the sharp edges of the synthetic disc image.

There are further problems associated with tracking the curvature points of the diffusion scale space. At small scales, for sharp-edged features the scale-selection measure (3.60) produces sharp extrema points. Figure 3.48 shows an example of this effect where the original image, a synthetic disc (left), is filtered to scale s = 2 (middle). The right-hand panel of Figure 3.48 shows the crown of thorns effect that comes of applying (3.60) to the filtered disc. The size of these extrema points are small compared to the maxima point associated with the scale of the disc, but the distance between the true-scale points (centre of the disc) and the points form the crown of thorns (edge of the disc) can cause problems with tracking and result in false scale labelling if not treated carefully. One simple solution to this problem is to avoid searches over the small-scale region of the scale-selection surface, however, if small scale features are contained within the image, the restriction to the search range may cause these features to remain undetected.

3.7.2 Anisotropic diffusion

All of the anisotropic diffusion systems described in this chapter are implemented iteratively, where the diffusion of any point in an image is a function of the gradients to the four-connected neighbours. The idea behind the anisotropic system was to improve on the blurring that is inherent to the linear-diffusion system and as a result, produce images that are have “semantically meaningful” region boundaries when compared to the original image. However, the solution to the blurring is to limit the diffusion flow for points with contrasts above some threshold and these high contrast points then remain throughout the scale-space. This becomes a problem when attempting to associate particular features with their own scale.

To develop a scale-selection surface for a scale-space system, the filter must remove image features as scale increases. At scale s = ∞, the final image must be flat. This is not the case for the majority of anisotropic systems. The filters were not designed to provide a scale-selection surface, in fact the Tukey-based system was designed with just the opposite aim; to keep image features from being removed. Once high contrast points are identified as outliers they remain unaffected as the scale of filtering increases. The system was designed to robustly retain the high contrast points of an image as the lowercontrast point are blurred towards flat-zones, and it does this successfully. However, this thesis aims to test the reliability of these scale-space filters for use in position and scale estimation and a scale-selection surface is required. Even the Lorentzian system, which may output a flat image at scale s = ∞ cannot produce a valid scale-selection surface since the rate at which features are removed from an image depends purely on the local gradients of the pixels. There is no size aspect to the scale parameter and so two extrema regions of equal size will not be removed at the same rate if the contrast around the regions is dissimilar. As a result of these problems current anisotropic systems cannot be used for the practical estimation of scale.

3.7.3 Morphological scale-space from poweroids

The morphological erosion-dilation scale-space described in Section 3.5 does produce a flat image at scales s → ∞. Also, features are removed as a function of the size of the structuring element that is fitted to the image. However there is no published scaleselection surface available. The curvature measure employed in the linear-diffusion system is impractical here, since the curvature in the scale-images is always imposed directly from the structuring element.

3.7.4 The sieve

The granule functions of the sieve decomposition provide the scale-selection surface of the sieve. These granule functions (G_s) are the differences between the low-pass sieve outputs and contain features that are removed from the input signal for increasing scales. G_s = f_{s−1} − f_s The non-zero elements of the granule function are called granules, (g_s), and these regions occupy the same space in the granule function that they occupied in the low-pass sieved image. Figure 3.38 showed this clearly. The granules are localised in scale and position, so a search over all granule functions from a sieve decomposition will reveal the scale and position of all features from the original image.

The input image of Figure 3.38 is ideal for the sieve decomposition because of the sharp edges of its features. The regions are removed cleanly and do not spread over multiple scale granule functions. However, this is not always the case and the top left-hand panel of Figure 3.49 shows a slightly less than ideal image and its intensity plot (bottom left-hand panel). The disc in the images gives a more complicated area-decomposition because it has blurred edges, the tip of the disc having an area (804 pixels) that is significantly smaller area than that of the base. The shape cannot be removed at a single scale and instead it is removed in a series of layers, the 2nd, 3rd and 4th plots in the top panel of Figure 3.49 show the disc’s intensity plot as it is M-sieved to increasing scales (s = 1000, 1400 and 2000). The corresponding images in the lower panel show the differences between these increasing scale outputs, G_{0→1000}, G_{1001→1400} and G_{1401→2000}. These functions make up the sieve’s scale-selection surface and estimates of scale and position may be recovered directly. However, in this example for display purposes, the granule functions shown are the result of sieving to channels rather than single scales. This is because the disc may be visible in granule functions between scales s = 804 and s = 1804 and it is easier to view these as three channelled-granule functions rather than one thousand separate granule functions. Channels equate to the sum of successive single-scale granule functions, for example, the channel output G_{1001→1400} in Figure 3.49, corresponds to the sum of individual granule functions between scales s = 1001 and 1400, i.e. G_{1001→1400} = G_{1001} + G_{1002} + G_{1003}+, . . . , +G_{1400}.

Whether features are confined to one granule function or spread over a wide range,

Figure 3.49: Filtering a blurred disc with an M-sieve. Top left-hand panel is the original image, with the intensity plot directly below. 2nd image in top panel shows the intensity plot of the disc filtered to scale s = 1000, 3rd image has disc filtered to scale 1400 and 4th image has disc filtered to scale 2000. The three further images in the bottom panel show the granule functions (scale-selection surface) G_{0→1000}, G_{1001→1400} and G_{1401→2000} the correct scale of any feature is recorded as the scale at which the largest amplitude granule that constitutes that feature is found. For some features, this may involve tracing the granules across scales, however, the sieve introduces no spatial translation and so simple tracking algorithms will suffice. Once the scale of an object is found, the position estimates may be taken directly from the positions of the granules, tracing the features back to the original image is not required. Further calibration of the sieve’s scale estimates are also not required since they relate directly to the pixel areas of objects.

3.8 Discussion

This chapter has introduced a series of systems that each obey the scale-space axiom of causality, but that stem from different approaches, including the classical linear diffusion system which was the basis to the original concept of scale-space, the alternative non-linear diffusion and the newer morphological methods.

The chapter considers the practical aspects of implementing these systems. The example scale-spaces that are produced highlight the differences between the filters and indicate some of the problems that would be encountered were these systems to be used at the low-level stage of some more complex vision system. The actual scale-space representations contain minimal information. Each level in the scale-space simply contains less information than its predecessor and no new extrema are created for increasing scale. Because of this, none of the systems produce results that quantify signal or image structures directly from the scale-space. This requires a second level of computation, producing a scale-selection surface

Obviously, it was not the aim of some of these systems to produce quantifying scale-estimates and so there are scale-spaces that cannot produce a scale-selection surface. These systems such as those based on anisotropic diffusion, cannot resolve scaleestimates because the duration or lifetime of a structure is not purely dependent on scale but also on the local gradients surrounding that feature. Other systems, such as the poweroid based morphological filter, have not reached this stage of development and more work is required if this is ever to produce a scale-selection surface.

Of the filters studied, only the linear diffusion system and the sieve are capable of performing a complete scale-based decomposition and providing a scale-selection surface to give scale-estimates for all image structures. For complex images, because of the nature of these selection surfaces, a high degree of processing may still be required to label structures. For example Figures 3.50 and 3.51 show the scale-selection surfaces of both the linear diffusion filter and the M-sieve, for scales that correspond to the lowpass filter outputs of Figures 3.8 and 3.42. The original image in this example contains multiple structures of many scales and as a result the selection surface may be cluttered at some scales.

The remaining chapters of this thesis deal with the comparison of the performances of these two remaining filters. The majority of signals and images that are used are synthetic, and so the signal parameters may be easily controlled and varied to determine the limits of the filter’s performance. In particular we investigate the robustness of the scale-space systems and the effects of signal noise on the filter performance.

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 99

Figure 3.50: Scale selection images for the linear diffusion system scale s = 2, 10, 20 and 50. For display purposes the images are all normalised such that the maximum intensity point of each image equals 255.

CHAPTER 3. SOME PRACTICAL SCALE-SPACES 100

Figure 3.51: Scale-selection images for the sieve. Channels at scales G_{0→100}, G_{101→500}, G_{501→1000} and G_{1001→10000} are shown. The absolute range of the granules of these functions is [-255,255] and so, for display purposes, the images show the granule functions +100, this converts all images into the range [0,255]

Chapter 4

One-Dimensional Robustness Experiments

Previous chapters have presented a selection of scale-space processors and showed examples of the scale-spaces that are produced from real signals and images. It is easy to find examples of scale-space literature where the quantitative results of a filter’s performance are not given and the only indication of system performance is shown with example output images. It is unsatisfactory however, to compare filtering systems based on a simple inspection of these images. A quantitative approach is needed to reliably establish performance under different signal and noise conditions.

This chapter describes the testing procedure from [46] that is used to evaluate the performances of the linear diffusion processor and the different sieve operators in one dimension. The alternative anisotropic and poweroid-based scale-space systems discussed in Chapter 3 are not included as a scale-selection surface is required in the testing procedure.

The systems are tested using synthetic pulse signals that are corrupted with different types of noise. The synthetic nature of the data allows for extensive testing under a wide range of conditions. These experiments are controlled and are easily repeatable. More significantly, it is possible to vary individual parameters of the test signals and observe the effects of these changes on the filtered signal.

The robustness tests are set up as a parametric estimation problem. Given a noisecorrupted test signal containing a pulse, the task of the two systems is to return an estimate of the size, or scale of the pulse and an estimate of the position of the pulse along the signal.

The effect of increasing or decreasing different parameters of the noise distributions on the behaviour of the processors is then investigated. The results form the basis for the two-dimensional tests reported in the following chapter.

4.1 One-dimensional synthetic test signals

For an uncorrupted, noiseless signal, filtering to increasing scales reveals the actual scale of the pulse. This appears as a single maximum in the scale-selection surface. In Chapter 3, Figures 3.45 and 3.38 show examples of this for both the linear diffusion and M−sieve scale-selection surfaces. For one-dimensional signals, the addition of random noise to the test signal will produce small deviations in the location of this maximum and it is the aim of this chapter to investigate this deviation-error for increasing levels of noise.

Figure 4.1 shows two examples of the synthetic noise-corrupted target models that are generated. The signals are 100 samples in length, and the target, a simple pulse, is 20 samples long. A vertical offset leaves a background amplitude of 128 and a pulse intensity of 150. The noise corruptions are Gaussian and impulsive noise. Gaussian noise corruption is a reasonable model for CCD noise [25, 47] and the top panel of Figure 4.1 shows a typical test-signal where additive Gaussian noise with a mean of zero and a standard deviation of 16 is used to corrupt the underlying pulse, the corruption almost completely masks the original signal.

The second noise type is replacement impulsive noise which is also a common problem in image processing through factors such as ‘glint’ and pixel drop-out. For this model, random samples along the noiseless pulse signal are replaced with a probability of 0.1. The values of these replacement samples are uniformly distributed in the range [0, 255]. The bottom panel of Figure 4.1 shows a typical impulsive noise test signal.

Figures 4.2 and 4.3 show the Gaussian noise signal of Figure 4.1 filtered to increasing scales along with the corresponding scale-selection surfaces. In the linear diffusion scale-space (Equations (3.3) and (3.5)) of Figure 4.2 (top panel), the small-scale noise is quickly smoothed away leaving the smoothed pulse. The signal has been scaled to have zero mean to minimise edge effects. The scale-selection surface (3.60) is shown

Figure 4.1: One-dimensional target pulses with added Gaussian (μ = 0,σ = 16) above, and replacement impulsive noise (noise density = 0.1) below.

in the bottom panel. Comparing this figure to the simple-pulse selection surface of Figure 3.45 shows difference that the added noise makes to the signal.

Figure 4.3 shows the same signal filtered by the M−sieve defined in (3.52) and (3.55). The scale-space (top panel) shows the gradual removal of signal detail, the signal isn’t smoothed as it is in the diffusion case, but is reduced to a series of flatzones that are removed as scale increases until the signal is completely flat. Note, to reduce the low-pass sieve to a zero-intensity flat zone the signal must be filtered to scale 100, the length of the signal. The sieve’s scale-selection surface (3.7.4), in the bottom panel, simply shows the differences between the successive rows of the scale-space representation.

Figures 4.4 and 4.5 show the corresponding images for the impulsive noise target

CHAPTER 4. ONE-DIMENSIONAL ROBUSTNESS EXPERIMENTS 104

Figure 4.2: One-dimensional target pulses with added Gaussian noise - lowpass filter output for the linear diffusion filter and the corresponding scale-selection surface.

CHAPTER 4. ONE-DIMENSIONAL ROBUSTNESS EXPERIMENTS 105

Figure 4.3: One-dimensional target pulses with added Gaussian noise - lowpass filter output for the M−sieve filter and the corresponding scale-selection surface.

CHAPTER 4. ONE-DIMENSIONAL ROBUSTNESS EXPERIMENTS 106

Figure 4.4: One-dimensional target pulse with replacement impulsive noise - lowpass filter output for the linear diffusion filter and the corresponding scale-selection surface.

CHAPTER 4. ONE-DIMENSIONAL ROBUSTNESS EXPERIMENTS 107

Figure 4.5: One-dimensional target pulse with replacement impulsive noise - lowpass filter output for the M−sieve filter and the corresponding scale-selection surface.

signal of Figure 4.1. Here the noise has a large effect on the structure of the linear diffusion scale-space (top panel of Figure 4.4), the large spikes taking a long time to diffuse into the background. The scale-selection surface below contains multiple maxima, and does not give a clear indication of the scale of the target pulse.

The sieve on the other hand removes the majority of the impulsive noise by scale 2. This is shown in the top panel of Figure 4.4, where only the target pulse remains from scale 2 upwards. The scale-selection surface (below) shows the pulse cleanly removed around scale 20.

4.2 Scale and space estimation in one dimension

To quantify the effects of these noise corruptions, the task of the two systems is to make an estimate of the location and scale of the pulse from the scale-selection surfaces. As the previous figures show, the noise that corrupts the signal is mainly limited to smallscales. Selecting search ranges for both processors that avoid the distraction of the noise simplifies the analysis; it is only the deviation in the pulse’s maxima point that is of interest here. Without these small-scale extrema, the search simply involves locating the coordinate of the maximum amplitude point over the entire selection surface. The position estimate of the pulse is represented by the position of the maxima along the signal and the scale estimate is taken as the level of filtering required to produce that selection surface maxima.

Repeating this search for multiple test signals gives a good basis for comparisons between, not only the classical linear approach and the sieve method, but also allows us to investigate the differences between the different sieve operators defined in Section 3.6. Searches are made more efficient by dividing the scale range, sampling at set points and centring in on the maximum. A typical search algorithm is given in Appendix A, Figure A.1. The total search range of the filters is set to [60 − 140] for the linear diffusion system and [12 − 92] for the sieve, the true scale of the pulse being 102 (see Figure 3.47) and 20 for the respective systems. Examples of some of the results of these searches are shown in Figure 4.6. The probability density functions indicate the spread of the position estimates of a pulse in Gaussian noise for the linear diffusion system and the M−sieve filter after 1000 trials.

To improve the precision of the diffusion processor’s position estimates, a quadratic

Figure 4.6: Histograms of position estimates for 1000 target signals with added Gaussian noise for the Diffusion processor (left) and M-sieve (right).

surface is least-squares fitted to the selection surface’s maximum coordinate and its two-connected neighbours. The maximum of this new surface is recorded as the final position estimate. Since the sieve’s scale-selection surface contains flat extrema, the position estimates are recorded as the mean x-coordinate of all samples in the selected granule.

The frequency difference between the two plots of Figure 4.6 is due to the fact that over 10% of the scale estimates from the diffusion filter are outside of the designated search range. These estimates are discarded and so the diffusion system’s position estimates in the above figure show

100∑ x=1 p_{Xdiff} (x) = 0.87 (4.1)

whereas the sieve-based system returns 1000 estimates,

100∑ x=1 p_{Xsieve} (x) = 1 (4.2)

The variable p_X (x) being the probability that the experimental value of the variable X is equal to x on a single outcome.

The results indicate that the two systems perform similarly in the presence of Gaussian noise; the diffusion processor is slightly more accurate in position estimation and the sieve more accurate in scale. This is shown more fully in Table 4.1 where the standard deviation of the search results are recorded. For the diffusion system all estimates that fall at the limits of, or outside of the search range are discarded and the scales of the remaining estimates are normalised to the sample-length of the pulse.

Gaussian noise Impulsive noise σ_x σ_s σ_x σ_s cc 0.9767 1.8091 14.46 4.628 diffusion 1.209 3.867 6.948 4.536 M-sieve 7.01 2.98 3.235 1.595 N-sieve 6.88 2.97 1.797 1.669 ρ-sieve 7.12 2.84 3.164 1.694 ψ-sieve 24.63 9.72 31.85 13.16 Table 4.1: Standard deviations of position, x, and scale, s, estimates for all systems. The normalised cross-correlation, (cc), results are shown for comparison, this system is not a scale-space processor.

The table also shows the results of the normalised cross-correlation system (cc). The target signals, (I), are matched with pulses, (W ), of increasing scale (length), cc(i) = +m∑ p=−m W (p)I(i + p) (4.3)

and are then normalised cc^′(i) = cc(i) [ +m∑ p=−m W^2(p) ]1/2 [ +m∑ p=−m I^2(i + p)

]1/2 (4.4)

The scale with the highest correlation is recorded, along with a least-squares estimate around the maximum in scale to give the position of the pulse. Note that this is not a scale-space system, and is merely presented for comparison with the other processors. Cross-correlation is known to be optimal for position estimation in Gaussian noise, however, as the table shows, the system also gives the best performance of scale estimation in Gaussian noise.

In impulsive noise the systems behave very differently. The M−, N− and ρ−sieve based systems are hardly affected because the noise is localised to one scale and is therefore removed cleanly. The scale-selection surface is almost completely noise free since the search range is limited so as not include small-scale features. The localisation in scale of the impulsive noise is clearly seen in the lower panel of Figure 4.5. The slight variation in the sieve’s estimates occur when the noise falls on or next to the edge of the pulse, thereby increasing or decreasing the pulse length. The diffusion system, on the other hand, has poor performance in impulsive noise. Limiting the search range to avoid the noise distortion does not help, the sharp noise spikes diffuse slowly and destroy the structure of the entire scale-space. Again, this is seen clearly in the scaleselection surface of Figure 4.4

The opening sieve, (ψ), performs very badly in both noise types since it is biased towards positive-going pulses. The opening operation only removes maxima, leaving the minima noise-spikes untouched. The results of the closing sieve are not included since it is bias towards negative-going pulses and the positive-going target is never located.

4.3 Different noise parameters

Table 4.1 only shows results at one standard deviation of Gaussian noise and at one noise density of impulsive noise and is therefore inconclusive. To investigate the effect of altering the noise distributions the experiments are repeated for different noise levels.

For the Gaussian noise test, the standard deviation of the noise is varied (2 ≤ σ ≤ 26), and for the impulsive noise tests the noise density (probability that a signal element is corrupted) is tested in the range [0, 0.1]. Running these 1000-trial tests an extra six times gives some indication of the variation between the results. The standard deviation of these extra tests are plotted as error bars for the different levels of noise (only ±1 standard deviation is shown). The results are shown in Figures 4.7 and 4.8; the position estimate results are in the top panels and the scale estimates are in the bottom panels.

In Gaussian noise the sieve proves to be better at scale estimation than the diffusion filter for all but the highest noise levels. However in position estimation the diffusion filter consistently performs better than the sieve. This is because in Gaussian noise there are always corruptions at the end of the pulse that affect the sieve’s localisation.

In impulsive noise the sieve consistently betters the performance of the diffusion filter. The noise density of 0.1 that was used in previous tests was too high for the linear

CHAPTER 4. ONE-DIMENSIONAL ROBUSTNESS EXPERIMENTS 112

Figure 4.7: Effect of varying σ of the Gaussian noise, above are the position estimates and below are the scale estimates. Vertical axis corresponds to the standard deviation of the estimates. The sieve results are those of the M-sieve.

CHAPTER 4. ONE-DIMENSIONAL ROBUSTNESS EXPERIMENTS 113

Figure 4.8: Effect of varying the noise density of the impulsive noise, above are the position estimates and below are the scale estimates. Vertical axis corresponds to the standard deviation of the estimates. The sieve results are those of the M-sieve.

system. Testing at these lower noise levels, the rapid deterioration of the diffusion system is apparent in both scale and position estimation. For noise levels above this range the scale estimates of the diffusion system are flat across the search range and the target cannot be located.

4.4 Summary

This chapter has compared the robustness of the linear diffusion filter and the different sieve operators in one dimension. The tests involved the location and scale estimation of a noise-corrupted target pulse-signal. Multiple versions of these signals were then processed to give a statistically reliable degree of accuracy.

The results show that in the presence of Gaussian noise all of the systems give a similar performance, whilst in the presence of impulsive noise the M, N, and the recursive median ρ- type systems out-perform both the linear diffusion-based filter and the less robust opening and closing sieve filters. These results augment and strengthen the results obtained in two-dimensions which are presented in the following chapter.

The two-dimensional tests that follow are the natural extension of those completed in one dimension since the two-dimensional diffusion processor is used in many practical applications [28] and it is important to understand how the system may be affected by common image noise. Chapter 5 also focuses on an additional, and often overlooked, problem in image processing; that of occlusion.

Chapter 5

Two-Dimensional Robustness Experiments

This chapter is divided into two main parts. The first is follows on directly from the previous chapter and extends the one-dimensional robustness tests into two dimensions, again comparing the performances of the scale-space processors under conditions of altering degrees of image noise. The second part of this chapter broaches the problem of occlusion in images. Image occlusions are a major problem to many computer vision systems and, depending on the degree of the occlusion, can even cause the human vision system to misinterpret a scene. This second section aims to investigate the problem of occlusion, using simplified image models, and attempts to evaluate the effect of known occlusions on the overall scale-space decomposition. This is a review of the work that was first presented by the author in [27, 43–45]

5.1 Two-dimensional noise experiments

All of the scale-space processors that are discussed in this thesis are easily extended from one to two dimensions and so it is only natural to continue the robustness investigation that considered waveforms in the previous chapter, to two-dimensional images.

5.1.1 Two-dimensional synthetic test signals

The two-dimensional target signals that are used to test the diffusion and sieve-based systems are similar to those used in one dimension. The 100 × 100 pixel image models are shown in Figure 5.1. In each case there is an underlying image of a disc of area 1264 pixels with intensity 144 on a flat background of intensity 112. This image is then corrupted with two types of noise. On the left is is an example of additive Gaussian noise with parameters μ = 0 and σ = 24, and on the right an example of replacement impulsive noise in the range [0, 255] with a noise density of 0.1. All images are clipped into the range [0, 255], however the minimal degree of clipping required does not significantly alter the distribution of the noise.

Again, as in the previous chapter it is the task of the linear diffusion-based and sievebased systems to make an estimate of the scale and the position of the target, which is in this case the central disc. The images are filtered to increasing scales. For the diffusionbased scale-space the images are filtered between the scales [74 − 410] and for the sieve operators (scale now referring to pixel area) [800 − 4384], the filtering ranges being restricted to avoid the distractions of the small-scale image noise. The scale-selection surfaces of these images are then searched for maxima, the maxima over the entire surface representing the location of the target disc.

Figure 5.1: Two-dimensional noisy target images. Left: additive Gaussian noise, (μ = 0, σ = 24), right: replacement impulsive noise in the range [0 − 255]. Image size is 100 × 100 pixels

Figures 5.2 and 5.3 show the results of these searches for 150 test images. Each search returns one estimate of the scale and position of the target disc. The scale estimate is determined by the peak in the scale-selection surface over all scales and the position estimate is the spatial position of this peak. Since the granules of the sieve’s selection surface are flat zones, the spatial estimate is recorded as the centroid, or the centre of mass of the maximum amplitude granule. In the case of the linear diffusion system the precision of the spatial estimate is improved through a quadratic least squares fit to the maximum coordinate of the selection surface and its 8-connected neighbours. The mean of the scale estimates from the linear diffusion filter are then normalised to the true scale of the disc (1264 pixels) to help compare the two systems.

The actual scale and position estimates are marked on the three-dimensional plots by black circular markers. To help judge the spread of the estimates in each dimension these points are projected onto the three walls of the figure. The projections are shown by the green dots. The first panel of Figure 5.2 shows the scale-space of the diffusion processor for the Gaussian noise test images and below are the corresponding sieve results. The two systems perform similarly under these conditions; the sieve has slightly more accurate position estimates and the diffusion system has more accurate scale estimates.

In the case of the impulsive noise tests (Figure 5.3), the sieve (lower panel) outperforms the diffusion processor in both scale and position estimation. The linear system’s estimates deteriorate as the noise spikes diffuse over the image. However, there is still a large improvement from the linear system’s performance in one dimension. This is due to the increased spatial averaging causing the noise spikes to diffuse more quickly. In impulsive noise the sieve repeats its performance in one dimension. Since the noise is localised to one scale, and the search ranges are purposely set to avoid these scales, the only deviations in the scale and position estimates arise when the replacement noise spikes fall on or next to the the edge pixels of the disc. In this situation the max and min operations either raise the pixel intensity to that of the disc or lower it to the intensity of the background. These discrepancies make little change to the overall result from 150 test images.

Table 5.1 shows the standard deviation of the results of Figures 5.2 and 5.3 along with the results of the additional sieve operators. As in the one-dimensional experi-

CHAPTER 5. TWO-DIMENSIONAL ROBUSTNESS EXPERIMENTS 118

Figure 5.2: Scale-space estimates of disc for 150 synthetic images with added Gaussian noise with parameters (μ = 0, σ = 24). (See left hand panel of Figure 5.1). Top panel linear diffusion results, bottom panel M−sieve results.

CHAPTER 5. TWO-DIMENSIONAL ROBUSTNESS EXPERIMENTS 119

Figure 5.3: Scale-space estimates of disc for 150 synthetic images with replacement impulsive noise in the range [0, 255] with a noise density of 0.1. (See the right-hand panel of Figure 5.1). Top panel diffusion results, bottom panel M−sieve results.

Gaussian noise Impulsive noise σ_x σ_y σ_s σ_x σ_y σ_s cc 0.21 0.20 30.3 0.27 0.33 35.9 diffusion 0.64 0.63 32.4 0.93 0.79 59.9 M−sieve 0.24 0.24 58.9 0.046 0.038 3.90 N−sieve 0.26 0.25 48.7 0.040 0.045 4.30 ρ−sieve 0.28 0.24 55.0 0.043 0.042 3.91 ψ−sieve 2.88 1.14 105.8 0.076 0.071 8.894

Table 5.1: Standard deviations of 150 estimates of the position (x, y) and scale, s of a disc in Gaussian and impulsive noise for normalised cross-correlation (cc), linear diffusion, M-, N-, ρ- and ψ-sieve.

ments, the normalised cross-correlation system, cc(i, j) = +m∑ p=−m +n∑ q=−n W (p, q)I(i + p, j + q) (5.1) cc^′(i, j) = cc(i, j) [ +m∑ p=−m +n∑ q=−n W^2(p, q) ]1/2 [ +m∑ p=−m +n∑ q=−n I^2(i + p, j + q)

]1/2 (5.2)

is included simply as a benchmark guide since the system is not causal and cannot be recognised as a scale-space processor. For this cross-correlation system the target images are matched to a series of increasing scale discs, where scale is represented by the disc’s radius. The disc that produces the highest correlation provides the scale estimate and an 8-connected least-squares fit around the maximum of the correlation surface provides a spatial position estimate.

The results of Table 5.1 show that, in Gaussian noise, the diffusion system and the M−, N−, and ρ−sieves approach the performance of the benchmark normalised cross-correlation system. Opening- or ψ−sieves, in which increasing scale greyscale openings are repeatedly applied, have the worst performance. This is to be expected since it is known that opening operations are sensitive to noise. The result of multiscale closing is not shown since the closing operator cannot resolve a positive disc under these conditions. (The closing operation removes minima, leaving maxima intact.)

In the case of impulsive noise, all sieve operators can produce better scale and position estimates than those from the diffusion system. Again, the asymmetry of multiscale closings means that the experiment would have to be specifically tuned to handle positive targets.

5.1.2 Target-shape dependency for scale-space estimation

In moving from one- to two-dimensional signals the idea of target-shape is introduced. The choice of a disc shaped target is not accidental; the disc is radially symmetrical and therefore has a minimal effect on the filter outputs. This is not the case for most target shapes.

It is the diffusion filter that is particularly sensitive to the shape of the target function. The different sieve operators filter purely with respect to area and so morphological changes in the target simply result in a possible change in the pixel area or scale of the target and a change in the target’s centre of mass or position. Changing the shape of the target will not affect the localisation properties of the sieve. However, for the diffusion filter, as defined in Section 3.2, the target’s shape is important for position and scale estimation. The system is implemented using separable one-dimensional kernels of similar scale and so, accurate estimates are only obtained for targets that are invariant through a rotation of 90^∘. If the target is non-invariant through this rotation, such as in the case of a rectangle, then a diffusion kernel that is tuned to the correct scale for the width of the rectangle will not be correctly tuned for the length of the rectangle.

Figure 5.4 shows an example of a tuned two-dimensional diffusion kernel that may be used to locate a rectangle of specified width and length. The final kernel (bottom left and right) is the product of two one-dimensional kernels (top right) that are tuned to locate pulses of length equal to the rectangle’s length and width. Although this twodimensional kernel is easily generated if the dimensions of the rectangle are known, it is infeasible to locate and estimate the scale of a rectangular (or indeed any nonsymmetrical) target of unknown dimensions. Also, there is an additional problem of labelling the scale of these tuned kernels since they are composed of one-dimensional kernels of different scales, this scale-label is required for the scale-selection surface in (3.60).

For these reasons, all of the targets used in this thesis, whether synthetic or real, are radially symmetrical. These targets may therefore be located using separable kernels of similar scale.

Figure 5.4: Shape dependency for the linear diffusion system. Top-left: image with rectangular target, top-right: Diffusion kernels of scale s = 111 and s = 241. These are the optimal scale one-dimensional kernels for the width and length of the rectangle. Bottom-left shows the two-dimensional kernel created by multiplying the one-dimensional kernels, bottom-right shows the surface intensity plot of this tuned two-dimensional kernel.

5.1.3 Different noise parameters

As in the one-dimensional experiment chapter it is not sufficient to test the reliability of these two-dimensional systems under a single set of noise conditions. Figure 5.5 shows the effect of varying the standard deviation of the Gaussian noise between [2, 26] for both the linear diffusion filter (shown in blue) and the M−sieve operator (shown in red). The plots show that at all of the tested noise levels, the errors in the (x, y) position estimates for the sieve are less than those for the diffusion filter. However, the results of the scale estimates show that there is a crossover point in the behaviour of the systems. For target images with a noise standard deviation above 14 the linear diffusion filter returns the more accurate scale estimates, however, for noise standard deviations below 14 the sieve-based system is the more accurate system.

The effects of altering the parameters of the impulsive noise target images are shown in Figure 5.6. The noise density is varied between [0.05, 0.275] and, again, the standard

CHAPTER 5. TWO-DIMENSIONAL ROBUSTNESS EXPERIMENTS 123

Figure 5.5: The effect of varying the standard deviation of the additive Gaussian noise in the target images. The plots show the standard deviation of the estimates against the standard deviation of the noise. The linear diffusion results are shown in blue and the M−sieve results are in red. Top panel: scale estimates, middle panel: x-position estimates, lower panel: y-position estimates.

CHAPTER 5. TWO-DIMENSIONAL ROBUSTNESS EXPERIMENTS 124

Figure 5.6: The effect of varying the noise density of the replacement impulsive noise in the target images. The plots show the standard deviation of the estimates against the density of the noise. The linear diffusion results are shown in blue and the M−sieve results are in red. Top panel: scale estimates, middle panel: x-position estimates, lower panel: y-position estimates.

Gaussian noise (n) σ(σ_x) σ(σ_y) σ(σ_s) Diffusion σ_n = 2 0.0029 0.0012 0.1214 σ_n = 26 0.0268 0.0197 2.1756 Sieve σ_n = 2 0.0002 0.0003 0.0002 σ_n = 26 0.0232 0.0327 4.4754 Impulsive noise σ(σ_x) σ(σ_y) σ(σ_s) Diffusion density = 0.05 0.0186 0.0290 1.0828 density = 0.275 0.8994 0.9097 43.7731 Sieve density = 0.05 0.0018 0.0015 0.1514 density = 0.275 0.0076 0.0083 0.8718 Table 5.2: Error in the standard deviation of position and scale estimates for multiple trials with Gaussian noise corrupted images (σ = 2, 26). Errors are given to ±1 standard deviation for 6 trials.

deviation of the estimates from the diffusion filter and the M−sieve are recorded. The plots show that in both (x, y) position estimation and in scale estimation the sieve filter gives the better performance. This is to be expected based on the sieve’s performance in the one-dimensional noise tests. The noise, which is localised to one scale, is removed cleanly and is only apparent in the scale-selection surface as a slight perturbation in the pixel area of the disc. It is this change in area that causes the discrepancy between the actual scale and position of the disc and the returned estimates.

The diffusion filter does have a more reliable performance in two dimensions. This is mainly due to the increased spatial averaging. However, the impulsive noise still badly corrupts the structure of the diffusion system’s scale-selection surface. At a noise density of 0.275 (shown in Figure 5.6) 10% of the filter’s estimates are unresolvable, in these instances the scale of the disc is estimated as being outside of the designated search range. For noise densities above 0.275 this percentage increases quickly until, for densities of 0.5, under 4% of the estimates are valid. To increase the range of the searches would serve no useful purpose since the correct scale of the disc, obtained from a noiseless target, is well within the allowable search range and an increase in this range also involves an increase in the processing time.

Adding error-bars to the plots of Figures 5.5 and 5.6 involves large amounts of computation, however, to give an idea of the variance of the plotted points Table 5.2 shows estimates of the error in the standard deviation for 6 trials (each over 150 images) at Gaussian noise standard deviations of 2 and 26 and at impulsive noise densities of 0.05 and 0.275. These results reinforce the evidence of the worsening sieve and diffusion performance in high levels of Gaussian noise and the unreliability of the diffusion system estimates in high-density impulsive noise.

Varying the target intensity

As an additional test, these noise experiments are repeated for different target amplitudes, and also random target amplitudes. Until this time the parameters of the underlying target signal have remained unchanged, however in real images this will rarely be the case. Changes in lighting and surroundings may cause significant intensity fluctuations in an image.

Disc Processor Gaussian noise Impulsive noise amplitude σ_x σ_y σ_s σ_x σ_y σ_s 130 diffusion 1.05 0.86 69.0 0.99 1.02 67.7 130 M−sieve 1.19 3.65 144.4 0.05 0.05 4.22 144 diffusion 0.64 0.63 32.4 0.92 0.79 57.9 144 M−sieve 0.24 0.24 58.9 0.05 0.04 3.90 150 diffusion 0.42 0.42 31.3 0.44 0.47 30.3 150 M−sieve 0.21 0.19 40.1 0.05 0.05 4.31 160 diffusion 0.35 0.35 23.8 0.40 0.37 26.5 160 M−sieve 0.13 0.11 25.7 0.04 0.04 4.56 170 diffusion 0.29 0.27 17.4 0.34 0.34 21.6 170 M−sieve 0.09 0.10 16.9 0.04 0.04 4.13 Random diffusion 1.33 1.34 99.28 1.41 1.41 110.18 Random M−sieve 9.60 9.88 157.66 0.04 0.04 3.96 Table 5.3: Standard deviations of estimates in Gaussian noise and impulsive noise for target discs of different amplitude. The images were used to test the linear diffusion system and the M–sieve based system.

Table 5.3 shows the effect of repeating the noise tests of Section 5.1.1 for additional target disc intensities of [130, 150, 160 and 170] and for a separate random-amplitude test. The distributions of the noise corruptions for these tests are (μ = 0, σ = 24) for the Gaussian noise and impulsive noise of density (0.1) in the range [0, 255].

The results of Table 5.3 are shown in Figures 5.7 and 5.8. In Gaussian noise (Figure 5.7), for small intensity targets, the diffusion processor is superior to the M−sieve in both position and scale estimation. As the intensity of the disc increases the spatial estimates of the sieve improve, and the scale estimates begin to approach those of the diffusion processor, until, for the largest intensity discs the processor’s performances are similar.

Gaussian noise σ(σ_x) σ(σ_y) σ(σ_s) Diffusion Target amp = 130 0.0547 0.0233 2.8761 Target amp = 170 0.0105 0.0054 0.5780 Sieve Target amp = 130 0.9548 0.9467 11.3214 Target amp = 170 0.0069 0.0064 0.7415 Impulsive noise σ(σ_x) σ(σ_y) σ(σ_s) Diffusion Target amp = 130 0.0676 0.0380 2.1809 Target amp = 170 0.0223 0.0201 0.9101 Sieve Target amp = 130 0.0029 0.0037 0.3074 Target amp = 170 0.0013 0.0039 0.2196 Table 5.4: Error in the standard deviation of position and scale estimates for multiple trials with Gaussian noise corrupted images (σ = 2, 26). Errors are given to ±1 standard deviation for 6 trials.

For discs corrupted with impulsive noise (Figure 5.8) the amplitude of the target has no effect on the sieve-based filter. The image decomposition is invariant to relative changes in amplitude. Only changes that affect the ordering of the merging extrema will change the decomposition. The impulsive noise is localised to small-scales and is easily removed and, although the performance of the diffusion processor improves with increasing disc amplitude, the sieve remains superior.

As with the previous varying noise distribution experiments, lengthy computation time prevents the use of error-bars on all points of the plots of Figures 5.7 and 5.8. However, Table 5.4 gives an estimate of the error in the standard deviation for 6 trials (each for 150 images) with target amplitudes of 130 and 170 in both Gaussian and impulsive noise.

The random-amplitude disc tests simply re-enforce the point that the sieve is invariant to the amplitudes of extrema points within an image; the results for the Gaussian noise estimates deteriorate, as do the diffusion results in impulsive noise. Only the sieve-based estimates in impulsive noise remain unchanged.

CHAPTER 5. TWO-DIMENSIONAL ROBUSTNESS EXPERIMENTS 128

Figure 5.7: The effect of varying the intensity of the target disc in the Gaussian noise target images. The plots show the standard deviation of the estimates against the disc intensity. The linear diffusion results are shown in blue and the M−sieve results are in red. Top panel: scale estimates, middle panel: x-position estimates, lower panel: y-position estimates.

CHAPTER 5. TWO-DIMENSIONAL ROBUSTNESS EXPERIMENTS 129

Figure 5.8: The effect of varying the intensity of the target disc in the impulsive noise target images. The plots show the standard deviation of the estimates against the disc intensity. The linear diffusion results are shown in blue and the M−sieve results are in red. Top panel: scale estimates, middle panel: x-position estimates, lower panel: y-position estimates.

5.1.4 Anti-aliasing the discs

It could be argued that the synthetic two-level nature of the disc favours the sieve processor and so presents an unfair advantage over the diffusion system. Indeed the sieve removes a noiseless disc cleanly and stores it in a granule function at a scale equal to the pixel area of the disc. The diffusion processor, on the other hand, is more closely matched to Gaussian-shaped features and its performance suffers slightly with sharp edged features.

With this in mind the two systems are tested with anti-aliased discs, corrupted with the original noise distributions (Gaussian noise with (μ = 0, σ = 24) and impulsive noise with a density of (0.1), see Figure 5.1). Anti-aliasing provides a means of reducing the staircasing effect on the edge pixels of the original disc, where any pixel that touches the area of the theoretical-disc is set to full disc intensity and all other pixels are left untouched. Anti-aliasing is usually implemented by some low-pass filter, cutting off the higher frequencies and so limiting the jagged-edge effect by changing the gradations in intensity of the disc-edge pixels.

There are many anti-aliasing algorithms available [39], the four examples shown in Figure 5.9 range from simple diffusion, smoothing the high-contrast gradients, to the more computationally expensive Gupta-Sproull algorithm [41]. The four methods are described briefly below:

• Diffusion filtering: The noiseless 100×100 pixel image is filtered with a discrete analogue to the Gaussian kernel of (3.3) with a scale of 1. (Shown in Figure 5.9 second row, left-hand panel).

• Supersampling followed by block averaging: The noiseless image is supersampled to a size of 800×800 pixels. This is followed by a block-averaging operation (using non-overlapping blocks of size 8 × 8 pixels). Every eighth pixel is then used to produce a 100 × 100 anti-aliased image. (Shown in Figure 5.9 second row, second panel).

• Weighted averaging filter: A supersampled high resolution 201 × 201 image is filtered with the mask of (5.3), allowing only the edges of the filter-block to overlap. The filtered image is then sub-sampled to a 100 × 100 image. (Shown in

Figure 5.9 second row, third panel).

1 16 × 1 2 1 2 4 2 1 2 1

(5.3)

• Gupta-Sproull algorithm: Each of the pixels in the 100 × 100 noiseless image is considered to be a cone of unit volume and radius r, centred at the pixel centre. The volume of cone cut off by the theoretical disc-edge is used calculate the intensity of the disc-edge pixels. For instance, if over half of the cone lies inside of the disc boundary, then the pixel intensity will be 1. If a quarter of the cone’s volume lies inside the disc, then the corresponding pixel amplitude is 0.5. (Shown in Figure 5.9 second row, right-hand panel). The algorithm is explained in more detail in Appendix C.

Figure 5.9: Original disc and four anti-aliased discs. Top panel: Original disc. Second row, left-hand panel: diffusion filtering to scale 1, second panel: supersampling followed by block averaging third panel: weighted averaging filter, right-hand panel: Gupta-Sproull algorithm (cone radius of 1.25).

Of the four anti-aliasing methods, the more realistic discs are produced by the supersampling block-averaging algorithm and the more complex Gupta-Sproull algorithm.

These discs are then corrupted with either Gaussian or impulsive noise and are used to test the diffusion and sieve-based filters, Table 5.5 shows the results. Comparisons

Filter Gaussian noise Impulsive noise σ_x σ_y σ_s σ_x σ_y σ_s Diffusion diffusion 0.600 0.569 37.606 0.686 0.641 43.355 M−sieve 0.397 0.360 76.532 0.044 0.048 4.110 N−sieve 0.427 0.393 89.765 0.044 0.045 3.746 ρ−sieve 0.418 0.337 85.025 0.046 0.045 3.710 ψ−sieve 0.491 0.451 140.51 0.078 0.072 8.312 Block- diffusion 0.570 0.565 39.740 0.635 0.682 42.673 average M−sieve 0.332 0.340 64.928 0.040 0.046 21.380 N−sieve 0.348 0.363 61.556 0.046 0.043 20.456 ρ−sieve 0.325 0.338 62.143 0.047 0.045 19.125 ψ−sieve 2.427 4.083 130.56 0.071 0.071 20.701 Weighted- diffusion 0.570 0.552 39.415 0.631 0.605 39.044 average M−sieve 0.865 3.396 78.257 0.045 0.046 3.885 N−sieve 0.374 0.362 78.79 0.046 0.045 3.642 ρ−sieve 0.369 0.352 68.256 0.044 0.044 3.895 ψ−sieve 3.708 2.719 127.61 0.071 0.076 8.115 Gupta- diffusion 0.570 0.576 41.935 0.519 0.616 45.847 Sproull M−sieve 0.353 0.319 67.679 0.041 0.049 11.237 N−sieve 0.395 0.364 80.611 0.046 0.040 10.972 ρ−sieve 0.363 0.332 69.161 0.043 0.045 11.043 ψ−sieve 0.410 0.384 137.94 0.075 0.068 11.970

Table 5.5: Standard deviations of system estimates for anti-aliased discs corrupted with additive Gaussian (μ = 0, σ = 24) and replacement impulsive noise (density 0.1)

with the original results from Table 5.1 show that in Gaussian noise there is no discernible difference in the performance of the diffusion processor, while the performance of the sieve filter suffers for scale estimation. In impulsive noise there is both an improvement in the diffusion systems estimates and a degradation in the sieve’s estimates, but the overall relative system performances are unchanged.

5.1.5 Are noise tests relevant?

There are many types of imaging systems, and these in turn produce many types of images. Some typical examples are shown in Table 5.6. The quality of these images varies greatly and it is important to be able to predict the behaviour of any low-level signal processing system under a given set of signal and noise conditions. Once this

Satellite image

Sonar image

MRI image

Ultrasound image

Hubble Space Telescope Image

Table 5.6: Example satellite [3], sonar [49], MRI [1], ultrasound [89] and Hubble space telescope [2] images.

behaviour is understood, the reliability of the system may be determined.

So far, this chapter has described the testing of two different systems under a wide range of noise levels using synthetic signals, but the similarity between these testing signals and real images has not been established.

It is well known that specialised images such as medical ultrasound scans and sonar images, for example, have high noise content, however, the majority of camera images of natural scenes are not subject to this type of distortion. For the scanned camera image that is used to demonstrate the differences between the scale-spaces of Chapter 3, the noise levels appear to be low; this is confirmed in noise-level tests. In [54], Immerkær reports on a method for estimating the level of noise in an image, calculating the variance of additive zero-mean Gaussian noise for an image with intensities in the range [0, 255]. See Appendix B for a description of this algorithm.

Using this algorithm to test the Gaussian noise synthetic images of Section 5.1.1 gives estimates of the noise variance that are consistently within 0.5% of the set noise levels. When the example images of the previous chapters (see Figure 3.8 for example) are tested, along with the set of real images that are to be used later in this chapter, the average estimated noise variance is around 0.5, much lower than the level set for the Gaussian noise robustness tests.

It appears that, while the camera-images do contain a certain level of Gaussian noise, the more significant problems occur through replacement noise, of which impulsive noise is one example. Replacement noise occurs when the values of a continuous region of pixels are replaced by values drawn from a distribution that is different to the original distribution or background. The most common form of replacement noise in images is occlusion or clutter. Objects that overlap in an image significantly alter the image intensity distribution, confusing many imaging systems, especially those that rely on locating image features by finding a close match to a fixed intensity distribution template.

Alternative forms of replacement noise may occur on a smaller scale; glint and pixel drop-out are some examples. Glint occurs when a scene’s illuminant reflects on surfaces with complex texture. These surfaces are often non-matt and the reflections can cause sharp intensity differences in the captured image. The discontinuities in image surface intensities that arise from this phenomenon and from pixel drop-out are well modelled by the impulsive noise signal corruption that was used to test the scale-spaces. The concluding pages of this chapter consider the problems of larger scale occlusions, using both synthetic and real images that contain multiple overlapping targets.

5.2 Robustness to image occlusions

Occlusion can be modelled as a form of replacement noise. There are obviously many complicated cases of occlusion in images that even the human vision system cannot resolve and so this section describes a much simpler situation that is an extension of the previous work. Target images containing multiple occluded image features are generated. Since the linear diffusion system is not invariant to the shape of image features, only discs are used and, as before, scale-space estimates of the discs are required. The following sections describe work that was reviewed in the following publications [26, 45].

5.2.1 Synthetic occlusion image model

Image occlusion is modelled via a set of synthetic test images that are generated by placing a random selection of four different-area discs (areas 49, 253, 481 and 709 pixels) onto a 100 × 100 pixel image containing a central target disc. The central disc has an area of 901 pixels and intensity 190 with a background intensity of 127. The four cluttering discs have random position (although they are forced to be entirely within the image confines), random intensity (uniform range [0, 255]) and they randomly occlude one another. Figure 5.10 shows four typical example images.

The task of the systems is to return scale-space estimates of all target discs. If the five discs did not occlude one another, the scale-space systems would produce five scale-selection surface peaks at the true positions of the objects. With the occlusion of these image features these estimates are degraded. As in the robustness experiments of the previous section, the degradation may be quantified by repeatedly generating test images and returning all significant scale-space estimates. Prior knowledge is used to determine this significance; the five largest amplitude peaks in the scale-selection surface are returned, hopefully corresponding to the five discs within each image. By this means we avoid the order estimation problem.

The search algorithm that is used to locate a single scale-selection surface peak

Figure 5.10: Examples of the occlusion model for synthetic images. The large central target disc partially occludes and is partially occluded by other objects.

previously (described in Appendix A) cannot be used for this task since the images contain multiple targets that are of multiple scales. Instead, an exhaustive search over the entire scale-space is required. In the case of linear diffusion, each test image is filtered via equations (3.8) and (3.9) up to a scale of twice the scale of the largest disc. Again, some prior knowledge is required for this step, but this does not affect the results it merely reduces computation time. If no prior scale-knowledge is available the image should be filtered until it is reduced to a single extrema point. The scale-selection point-measure of equation (3.61) is then applied to every extrema point (and their four-connected neighbours) of the low-pass scale-space surface. This curvature measure saves on computation time and also avoids the crown of thorns effect described in Section 3.7. The scale-selection equation is only applied to the extrema points of the scale-selection surface and so the sharp edges of the discs are avoided.

The image-mean is normalised to zero for these diffusion experiments. This reduces the step-effect at the image boundary, thereby minimising the boundary effects on the diffusion of the image features.

For the sieve-based system, the test images are again filtered up to a scale of twice the area of the largest image feature. If this area is unknown, the image is filtered up to a scale at which the low-pass sieve output is flat. As scale increases the centroid position, amplitude and scale of all non-zero regions (granules) of the granule functions are recorded.

Figure 5.11 shows examples of the diffusion and sieve-based scale-selection surfaces for the synthetic test image shown in the bottom right-hand panel of Figure 5.10. The accompanying images to these three-dimensional plots show the plan view.

The positions of the extrema points of each scale-space are plotted as a function of scale. In the linear diffusion plot (top panel) the points are seen as tracks of blue dots. Obtaining an estimate of the scale of each disc entails tracing along each individual track and finding the scale-position of the maximum over the scale-selection surface. The figure also shows how the extrema points of the image move around in space with increased filtering. This is due to the wide-spread influence of the convolution kernel and as a result, finding the spatial position (described in [8, 71]) involves tracing to the base of each track and recording the position at scale zero. The final estimates for this image are the five most significant scale-space estimates (shown as large red dots), chosen as those points (from separate paths) with the largest values of scale-space curvature (3.61). The additional error tracks (named as error tracks since they do not appear to be associated with any of the synthetic discs) describe extrema points that are caused by, either regions in between disc areas, or by the small differences between the image background and the image’s zero-padded boundary. In practice the scale-selection surface values associated with these tracks are small and the returned estimates are of small scales. These points may therefore be removed through thresholding techniques.

For the M−sieve example, (bottom panel of Figure 5.11), the synthetic discs are removed cleanly and no tracks are formed in the scale selection surface. The centroids of the five largest-amplitude granules of the scale-selection surface are recorded and plotted as a function of scale (large red dots).

Figures 5.12 and 5.13 show the results of processing 100 synthetic occlusion images in this manner. Five scale-space estimates are returned per image. The (x, y) position estimates (horizontal axis) are shown as a function of scale (vertical axis). In the top panel of Figure 5.12 the linear diffusion system’s scale and position estimates are plotted as black dots and their projections on the position and scale planes are plotted as green dots. Control experiments on the five different area discs show that the diffusion system labels the discs as being of scales 7, 40, 76, 112 and 145 (marked as dashed lines

CHAPTER 5. TWO-DIMENSIONAL ROBUSTNESS EXPERIMENTS 138